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PREFACE 
The goal of the  research  reported  here  has  been  to  develop  a 
phenomenological  theory of induced  birefringence  which is general  enough 
to account  for  observed  memory  effects  and  non-linearities  in  the  depen- 
dence  of  dielectric  properties on the  history of deformation.  The  theory 
we give  has  a  mathematical  structure  closely  related  to  that  of Noll's 
dynamical  theory of "simple  materials". In that  theory,  a  material  is 
characterized  by  a  functional 4 which  gives  the  stress  when  the  history 
of the strain is specified.  Here,  in  addition  to 5)we have,  for  each 
material,  a  functional 9 which  relates  the  dielectric  properties  of  the 
material to  the history of the  strain.  For  certain  broad  classes of 
motions,  the requirements of material  symmetry  and  frame-indifference 
greatly  simplify  the  forms  of 4 and 9. Much of this  report is concerned 
with  optical  applications of such  "reduction  theorems", allof which  are 
obtained  without  invoking  integral  expansions or other  special  hypotheses 
of  smoothness  for  material  response. 
In conversations  held in 1960  and  1961, B. D. Coleman  and 
R. A. Toupin [1962, 21 discussed  the  possibility  of  developing  a  theory 
of induced  birefringence  which  could  employ  the  mathematical  machinery 
then  being  developed  in  non-linear  continuum  mechanics.  Sections 3, 4 ,  
6, 10,  and 21c ofthis report  draw  heavily on unpublished  notes  which 
Coleman  wrote in the  Fall of 1961 as  a  summary of his  work  with  Toupin. 
iii 
I 
The  classes of motions we discuss in Chapter IV, particularly 
Sections 14.and 15, are chosen as much  for  their  practical  nature as for 
their  mathematical  simplicity. Such motions were used in the experimental 
program  carried  out  in  the  Department of Aeronautics and Astronautics of 
the  University of Washington,  under  Grant  No. NsG-401 from  the  National 
Aeronautics  and Space Administration.' E. H. Dill's work  was  supported 
by that  grant,  while B. D. Coleman's research  was  partly  supported  by  the 
Air  Force  Office of Scientific  Research  through  Contract AF 49(638)541  and 
Grant AF 68-1538 to  the Mellon Institute  of  Carnegie-Mellon  University. 
We  thank Professor R. J. H. Bollard  for making  possible our work 
under  Grants NsG-401 and NGR-48-002-003 and for  his  encouragement. 
This  manuscript  was typed  by  Mrs.  Madeline K. Nasser at Mellon 
Institute; we thank  her  for her careful work and  patience. 
~~ ~ ~~ ~ - 
'See Dill & Fowlkes [1966, 21 and  Fowlkes  11969,  11. 
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I. INTRODUCTION 
1. Fresnel ' s   Theory  of  Double Ref rac t ion  
Rays o f  l i g h t  g e n e r a l l y  c h a n g e  d i r e c t i o n  on passing from one 
t r anspa ren t   subs t ance   i n to   ano the r .  Such d e f l e c t i o n  of l i g h t  a t  an 
i n t e r f a c e  is  c a l l e d   r e f r a c t i o n .   F o r  some materials, unde r   ce r t a in  
c i rcumstances,  such as  water a t  r e s t ,  o r  g l a s s  i n  a n  u n d i s t o r t e d  state,  
a s ing le  inc iden t  r ay  g ives  r i se  to   on ly   one   ray  upon r e f r a c t i o n .  A ray 
o f  l i g h t  i n c i d e n t  upon a c r y s t a l ,  however, i s  g e n e r a l l y  s p l i t  i n t o  two rays 
upon r e f r a c t i o n .  The two r e f r a c t e d   r a y s  are po la r i zed  a t  r i g h t   a n g l e s  
to   each   o the r  and  have d i f fe ren t   speeds   o f   p ropagat ion .   Subs tances   in  
which  such  sp l i t t ing  occurs  are s a i d  t o  b e  d o u b l y  r e f r a c t i n g  o r  
b i r e f r i n g e n t .  Many materials which are n o t  b i r e f r i n g e n t  i n  u n d i s t o r t e d  
s t a t e s  become b i r e f r i n g e n t  upon de,formation.   In   this   essay we s tudy   the  
theory of such induced birefringence. 
The p ropaga t ion  o f  l i gh t  i n  a b i r e f r i n g e n t  body can be described 
by the  theory  of  Fresne l  [1827, 11,  which we h e r e  a t t e m p t  t o  o u t l i n e .  if 
In  the  theory  it i s  assumed tha t  l i gh t  p ropaga te s  in  t r ansve r se  ha rmon ic  
waves. One a s soc ia t e s  w i th  each  po in t  5 of t h e  m a t e r i a l  a symmetric, 
p o s i t i v e  d e f i n i t e ,  t e n s o r  I.,, which w e  may c a l l  t h e  F r e s n e l  t e n s o r .  I f  w e  
choose a Car tes ian  coord ina te  sys tem ( k , ~ ,  0 ,  w i t h   o r i g i n   a t  5 and 
axes  a long  the  proper  vec tors  Icl, k2, -3 k of I.,, then the equat ion,  
vls + v2rl + v35 = 1, 2 2   2 2   2 2  
'A h i s t o r y  o f  t h e  s u b j e c t  i s  given by Whittaker [1951, 11. 
1 
I 
wi th  vi the proper number of  & corresponding  to  k .  d e s c r i b e s  a f i g u r e  
c a l l e d  t h e  F r e s n e l  e l l i p s o i d .  The p o s i t i v e  numbers v 1, v2,  v3 are c a l l e d  
t h e   p r i n c i p a l  w a v e  speeds,   and  the  vectors  -1, k -2' k k -3 are c a l l e d   t h e  
p r inc ipa l   axes  o f  r e f r a c t i o n .  The t enso r  2, a d  hence  the  quadric  (1.1) 
depend, i n   gene ra l ,   on   t he  material and i t s  deformation  his tory.   Consider  
now a plane,   harmonic,   l ight wave a t  2. The p lane   no rma l   t o   t he   d i r ec t ion  
of  propagat ion  of  th i s  wave ( i . e .  t h e  "wave f r o n t " )  i n t e r s e c t s  t h e  F r e s n e l  
e l l i p s o i d  i n  a n  e l l i p s e  E. Fresne l ' s   t heo ry  requires tha t   the   ampl i tude  
vec tor  of  the  wave be  directed  along  one  of  the  axes  of E. There  a re  
thus ,  i n  gene ra l ,  two harmonic waves p o s s i b l e  f o r  a g iven  d i r ec t ion  o f  
propagation:  each  has i t s  ampl i tude  vec tor  d i rec ted  a long  one  ax is  of  E .  
The lengths  of  the semi-axes of E_ are  the  rec iproca ls  of  the  speeds  of  







Consider now a s ingle ,  f ixed ,  Car tes ian  coord ina te  sys tem 
(x,y,z), and suppose tha.t the body 8 under  considerat ion has  the form of 
a s t r i p  bounded by t h e   p a r a l l e l   p l a n e s  z = + a / 2 ,  z = - 4 / 2 .  We permit 
the  Fresne l  tensor  2 to  va ry  wi th  x and y i n  "B b u t  assume t h a t  & i s  
independent of z and i s  everywhere such that i t  has  a proper  vector  k 
para l le l  t o  the  z -ax i s .  When a plane  harmonic wave propagating  along  the 
z - a x i s   e n t e r s  #, i t  is, accord ing   to   Fresne l ' s   theory ,  s p l i t  i n t o  two 
h a m o n i c  waves with  mutual ly   perpendicular   ampli tude  vectors .   These two 
waves con t inue  to  p ropaga te  in  the  z -d i r ec t ion ,  bu t  w i th  d i f f e ren t  speeds  
vl,  v2. Each wave has i t s  a m p l i t u d e  p a r a l l e l  t o  a proper  vector  of &, 
and the speed of  the wave equals  the  square  root  of  the  cor responding  
proper number of k. Upon l eav ing  a t h e  two waves have a r e l a t i v e  
-3 
2 
r e t a r d a t i o n  r given by 
r = a (nl- n2), 
where  the  numbers 
n = -  C 
i vi ' 
i = 1,2,  (1.3) 
are c a l l e d  p r i n c i p a l  i n d i c e s  of r e f r a c t i o n .  Here c i s  the  ve loc i ty  o f  
l ight   in   vacuo.   During i t s  t r ave r se   o f  z, each wave experiences  an 
a b s o l u t e   r e t a r d a t i o n  r given by i 
r = . l ( n i - l ) ,  i i = 1,2. ( 1 . 4 )  
Of c o u r s e ,  t h e  r e l a t i v e  r e t a r d a t i o n  r i s  j u s t  t h e  d i f f e r e n c e  of the 
a b s o l u t e   r e t a r d a t i o n s  : 
r =  - rl r2' (1.5) 
We have  here assumed t h a t  i s  such   tha t   one   p r inc ipa l   ax is  of 
r e f r a c t i o n ,  lc3, i s  everywhere  paral le l   to   the  z-axis   of   the   system  (x,y,z) .  
One can determine r and  the  d i r ec t ion  of t he  two remaining pr incipal  axes ,  
52' by using a plane  polar iscope,   i .e .  by placing  between two 
c rossed  po la r i z ing  dev ices  wh ich  can  be  ro t a t ed  in  p l anes  pa ra l l e l  t o  t he  
(x,y)-plane in  such a way tha t  t he  po la r i z ing  axes  of the devices remain 
a t   r i g h t   a n g l e s .  Whenever t h e   p o l a r i z e r ,  i . e .  the   po lar iz ing   device  
between  and  the  l ight   source,   has  i t s  p o l a r i z i n g   a x i s   p a r a l l e l   t o  k 
o r  k each  l i gh t  wave t r ansmi t t ed  by t h e  p o l a r i z e r  passes through S w i t h  
no change i n  the d i r e c t i o n  of i t s  ampli tude vector .  Such a l i g h t  wave i s  
-1 
-2 ' 
blocked by the second 
-2 k vary from p o i n t   t o  
po la r i z ing  dev ice ,  ca l l ed  
poin t  in  the  (x ,y) -p lane ,  
the   ana lyzer .   I f  lcl and 
then  the  locus  o f  t he  
I 
3 
po in t s  i n  th i s  p l ane  fo r  wh ich  e i the r  k o r  k is. p a r a l l e l  t o  a n  axis of 
t he  po la r i ze r  appea r s  as a da rk  f igu re  when viewed through the analyzer.  
This  dark f igure,  which depends on the or ientat ion of  the polar izer ,  
usua l ly  takes  the  form of  a p a i r  o f  c u r v e d  l i n e s ,  c a l l e d  i s o c l i n i c  l i n e s  
o r  i s o c l i n e s .  By ro t a t ing   t he   po la r i ze r   and   ana lyze r   i n   un i son ,  a family 
o f   s u c h   l i n e s ,   c a l l e d   t h e   i s o c l i n i c   f r i n g e   p a t t e r n ,  i s  obtainsd.   Obser-  
v a t i o n  of t h i s  p a t t e r n  e n a b l e s  one to  de t e rmine  the  axes  o f  r e f r ac t ion  
f o r  8 as  func t ions  o f  x and  y. Whenever t h e  a x i s  o f  t h e  p o l a r i z e r  i s  
n o t  p a r a l l e l  t o  a p r inc ipa l  ax i s  o f  r e f r ac t ion ,  each  o f  t he  two harmonic 
waves t r ansmi t t ed  by a i s  resolved by t h e  a n a l y z e r  i n t o  two waves: a 
component p a r a l l e l  and a component perpendicular  t o  t h e  p o l a r i z i n g  a x i s .  
O f  course,  only components along the axis o f  the analyzer pass through i t .  
Thus, the  ana lyzer  t ransmi ts  two waves wi th  co l inea r ,  b u t  oppos i t e ly  
directed ampli tude vectors  of  equal  magni tude;  these two t r ansmi t t ed  waves 
w i l l  i n t e r f e r e   ( i . e .   c a n c e l )  whenever t h e   r e l a t i v e   r e t a r d a t i o n  r obeys 
the  formula 
-1 -2 
with N an integer  and x the wavelength of the  l igh t  in  vacuo.  For  each  
i n t e g e r  N, the locus of (x,y)-values for which r = NX forms a f i g u r e  which 
appears dark when viewed through the analyzer ;  this  dark f igure,  which 
o f t e n  i s  a cu rved  l i ne  o r  set  of  curved l ines ,  i s  r e f e r r e d  t o  a s  t h e  N ' t h  
isochromatic line or   i sochromat ic   f r inge .  The f ami ly   o f   a l l   i soch romat i c  
f r i n g e s  ( i . e .  N = 0,+1,.  . . )  i s  ca l l ed  the  i sochromat i c  f r inge  pa t t e rn .  
Through o b s e r v a t i o n s  o f  t h e  i s o c h r o m a t i c  f r i n g e  p a t t e r n ,  t h e  r e l a t i v e  
r e t a r d a t i o n  r can  he  determined a t  s e v e r a l  v a l u e s  o f  x and  y. It i s  c l e a r  
4 
" 
f rom equat ion (1.2)  that  i f  the thickness  J? of 8 i s  known, measurement 
of r y i e l d s  t h e  d i f f e r e n c e  A be tween the  ind ices  of  re f rac t ion  n 1, n2: 
A = n  de€  r 1 - n 2  - a .  
" 
The  number A i s  called the   b i r e f r inpence   o f   ( a t  x and  y)  for  propaga- 
t i o n  i n  t h e  d i r e c t i o n  k -3 
The above desc r ip t ion  o f  t he  p rope r t i e s  o f  i soc l in i c  and 
i sochromat i c  l i nes  is  summarized  and  extended i n  a single formula which, 
for  given values  of  A and a, d e s c r i b e s  t h e  v a r i a t i o n  of t h e  i n t e n s i t y  2 
of  the  l i gh t  t r ansmi t t ed  by  the  ana lyze r  a s  a func t ion  of  the  b i re f r ingence  
A and  the  angle @ between k and the axis  of  the polar izer :  # -1 
I = A s in   (2G)s in  - 2 2(y *) . 
Here A i s  a cons t an t  which  depends  upon the  lo s s  o f  l i gh t  t h rough  r e f l ec -  
t ion ,   absorp t ion ,   and   sca t te r ing .  It i s  c l e a r  from  (1.8)  that I vanishes 
wherever @ equals  0" o r  90"  and  wherever l?A/x i s  a n  i n t e g e r ;  i . e .  on the  
i s o c l i n i c  and the   i sochromat ic   l ines .  Under appropriate   c i rcumstances 
one can use (1.8) to determine the birefringence from intensi ty  measure-  
ments a t  v a l u e s  of x and y which a r e  n o t  on an isochromatic fringe.  An 
o f t en  s imple r  method of ob ta in ing  A away from the  i sochromat ic  f r inge  
pa t t e rn  invo lves  the  in se r t ion  o f  a compensator between # and the  
ana lyzer .  The compensator, when proper ly  a l igned  wi th  respect t o  lcl and 
k2, g i v e s  a n  a d d i t i o n a l  and c o n t r o l l a b l e  r e l a t i v e  r e t a r d a t i o n  R t o  t h e  
l igh t  reaching  the  ana lyzer ;  one  ad jus t s  the  compensa tor  so t h a t  t h e  
t o t a l  r e l a t i v e  r e t a r d a t i o n ,  r +R, equa l s  an  in t eg ra l  mu l t ip l e  o f  x, and 
t h e n  c a l c u l a t e s  A, us ing ( 1 . 7 ) .  
'Cf. e .g .  Born & Wolfe  [1959, 11 $14.4.3. 
5 
The i n d i c e s   o f   r e f r a c t i o n  n and n a t  given  values   of  x and 
y, can  be  measured  with  an  interferometer.  A s  u s u a l l y  employed, such a 
d e v i c e  s p l i t s  t h e  i n c i d e n t  wave i n t o  two waves; one is  po la r i zed  a long  a 
p r i n c i p a l   a x i s   o f   r e f r a c t i o n   f o r  and i s  passed  through a t o   i n c u r  a 
r e t a rda t ion  g iven  by equat ion (1.4). The  second wave is  d i rec ted   th rough 
a medium which  induces a c o n t r o l l a b l e  r e t a r d a t i o n .  The two waves are then 
1 2’ 
recombined  and are found t o  i n t e r f e r e  whenever  the  d i f fe rence  in  the i r  
r e t a r d a t i o n s  i s  a n   i n t e g r a l   m u l t i p l e   o f  x. Thus, i f  x i s  known, r and 
r can  be determined. Once r r and the   t h i ckness  .l are  measured,  the 
ind ices  o f  r e f r ac t ion  nl  and n may be  ca l cu la t ed  from (1.4). 2 
1 
2 1’ 2’ 
2.  Classical Theories  of  Induced  Birefringence 
a .   P h o t o e l a s t i c i t y  
Most t r anspa ren t  so l id  ma te r i a l s  wh ich  a re  no t  b i r e f r ingen t  i n  
s t r e s s - f r e e  states become b i r e f r i n g e n t  when deformed. When the   Fresne l  
tensor  i s  determined by the present configuration, and i s  independent  of 
the past h i s tory  of  deformat ion ,  th i s  phenomenon i s  c a l l e d  t h e  p h o t o e l a s t i c  
effect.‘;  For i s o t r o p i c  materials the  photoe las t ic  e f fec t  can  be  descr ibed  
.IL 
by a s suming  tha t  each  p r inc ipa l  d i r ec t ion  o f  s t r e t ch  i s  a p r i n c i p a l  a x i s  
o f  r e f r ac t ion  and  tha t  t he  p r inc ipa l  wave speeds v (and t h e r e f o r e  t h e  
p r i n c i p a l  i n d i c e s  o f  r e f r a c t i o n  n def c /v .  ) depend  upon on ly  the  p r in -  
c ipa l   ex t ens ions  E Employing t h e  assumed i so t ropy   of   the  material, i t  





‘The phenomenon w a s  a p p a r e n t l y  f i r s t  o b s e r v e d  by Brewster [1816, 1 1 .  
6 
dependence must have the form: 
n =  n + C E + C (E + E ~ + E ~ ) ,  
n + C1e2 + C (E + E ~ + E ~ ) ,  
n =  n + C1e3 + C (E + e 2 + €  ). 
0 




2 1  (2.1) 
0 
3 2 1  3 
These relations,  which may b e  c a l l e d  t h e  c o n s t i t u t i v e  e q u a t i o n s  o f  l i n e a r  
p h o t o e l a s t i c i t y  a g r e e ,  f o r  small deformations, with those proposed by 
Neumann [1841, 11. The numbers n , C1, and C2 are material constants;   of 
course,  n i s  t h e   r e f r a c t i v e   i n d e x   o f   t h e   u n s t r a i n e d   m a t e r i a l .  It follows 
0 
0 
from (2 .1)  t h a t  t h e  b i r e f r i n g e n c e  f o r  wave propagat ion  a long k i s  given 
by the  equat ion  
-3 
which i s  sometimes  cal led  the  "s t ra in-opt ic   law".  
F o r  a n  i s o t r o p i c  e l a s t i c  m a t e r i a l  s u b j e c t  t o  a n  i n f i n i t e s i m a l  
d e f o r m a t i o n ,  t h e  p r i n c i p a l  a x e s  o f  s t r e s s  l i e  a l o n g  t h e  p r i n c i p a l  d i r e c -  
t i o n s  of s t r e t c h ,  and t h e  p r i n c i p a l  s t r e s s e s  0 a re   g iven  by i 
CJ1 = 2pE1 + X ( E 1 + E 2  + E 3 ) ,  
o2 = 2pE2 + h(E1+ E 2 +   E 3 ) ,  
CJ = &E3 + X . ( E I + E  + E 3 ) ,  3 2 1 
where X and p are c a l l e d  t h e  Lame/ cons tan t s .  Fo r  so l id s  these  ma te r i a l  
cons t an t s  are expec ted  to  obey  the  inequa l i t i e s  
P > 0, X + p l  > 0. 2 
7 
When such i s  the  case, each  p r inc ipa l  axis of stress is a p r i n c i p a l  axis 
of r e f r a c t i o n  and  the  p r inc ipa l  i nd ices  o f  r e f r ac t ion  can  be  r ega rded  a s  
func t ions   o f   t he   p r inc ipa l  stresses. Indeed,  (2.1),  (2.3),  and  (2.4)  yield 
n =  n + c CJ + c (0 + o 2 + o 3 ) ,  
n =  n + c u + c (0 +02 + 0 3 ) ,  
n + . c  0 + c (CJ +02+03) ,  
0 
1 1 1  2 1 
0 
2 1 2  2 1 
- 0 
n3 - 1 3  2 1 
where c and c a r e   m a t e r i a l   c o n s t a n t s   r e l a t e d   t o  C 1, C2, X, and p. The 
equations  (2.5) are, in   essence ,   the   photoe las t ic   re la t ions   p roposed  by 
Maxwell.' It fol lows  f rom  (2.5)   that   he   birefr ingence  for   propagat ion 
1 2 
along k obeys  the  equation -3  
which i s  o f t e n  c a l l e d  t h e  " s t r e s s - o p t i c  l a w " .  
In  the most common  way o f  t e s t i n g  t h e  p h o t o e l a s t i c  r e l a t i o n s ,  
one   subjec ts  a l a y e r  of material t o  p l ane   s t r e s s .#  It i s  usual ly   found 
tha t   t he   ma te r i a l   pa rame te r s   occu r r ing   he re ,   such  as n and  cl,  depend 
on the   f requency   of   the   l igh t ,   an   e f fec t   ca l led   d i spers ion .  We do not  
d i scuss  d i spe r s ion  in  th i s  e s say ,  bu t  i n s t ead  focus  ou r  a t t en t ion  on 
0 
~- 
'Maxwell cl853, 11, unfami l ia r   wi th   the  ear l ier  work of Neumann 11841, 11, 
who had taken s t ra in  as the independent  var iable ,  formulated a theory of  
p h o t o e l a s t i c i t y  i n  terms of stress.  For small de fo rma t ions   o f   e l a s t i c  
ma te r i a l s ,  t he  theo r i e s  of Neumann and  Maxwell become i d e n t i c a l .  
Never the less ,  in  propos ing  tha t  i t  is  t h e  s t r e s s  t h a t  d e t e r m i n e s  
b i r e f r ingence ,  Maxwell innocently unleashed a controversy which occu- 
pies much o f  t he  subsequen t  l i t e r a tu re  on t h e  s u b j e c t .  
#For an  h i s to r i ca l  su rvey  see  Coker  and F i lon  11931, 11 .  
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I 
phenomena which can be studied using l ight of a s ing le  f requency .  F i r s t ,  
it is  known tha t  the  equat ions  (2 .1)  and (2.5) can hold only for small  
s t r a i n s .  Second,  even i n  t h e  limit o f   i n f i n i t e s i m a l   s t r a i n s ,  i t  is  o f t e n  
obse rved  tha t  t he  b i r e f r ingence  va r i e s  i n  t i m e  du r ing  in t e rva l s  o f  cons t an t  
s t r e s s '  o r  s t r a i n ;  s u c h  o p t i c a l  c r e e p  o r  o p t i c a l  r e l a x a t i o n  i s  i n d i c a t i v e  
of a dependence of birefringence on t h e  past his tory of  deformation.  
b .  Streaming  Birefringence 
It has  long  been known tha t  v i scous  f lu ids  can  exh ib i t  
b i r e f r ingence  when flowing.# A s  w e  s h a l l  show i n  a forthcoming paper, #t#y. 
f o r  an incompressible simple fluid with fading memory, #7# i n  t h e  l i m i t  
of  slow motion, each proper vector of the rate of deformation tensor 2, 
i s  a l s o  a p r i n c i p a l  a x i s  of r e f r a c t i o n ,  and t h e  p r i n c i p a l  i n d i c e s  of 
w 
'Optical creep was obse rved  in  ge l a t ine  by  von Bjerkgn 11891, 11; 
Rossi  [1910, 11 made an extensive s tudy of  the phenomenon i n  
c e l l u l o i d ;   c f .  Coker & Filon  [1931, 11 s3.34. 
#Maxwell [1873, 11 obse rved  the  e f f ec t  i n  Canada  balsam i n  1866,  and 
Mach [1872, 11 independently  observed i t  i n  g l a s s .  
#The ma t t e r  was t r e a t e d  a l s o  i n  t h e  work  Coleman & Toupin r e f e r r e d  t o  
e a r l i e r  [1962, 21. 
i###fThe concepts of "fading memory'' and "slow motion" employed here are 
those used  by Coleman & No11 [1960, 11  i n  p r o v i n g  t h e  r e t a r d a t i o n  
theorem. 
a l s o  c a l l e d  t h e  s t r e t c h i n g  t e n s o r ,  i s  e q u a l  t o  t h e  s y m m e t r i c  
p a r t  of t h e  v e l o c i t y  g r a d i e n t .  
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r e f r a c t i o n  are determined  by  the  proper  numbers  of  through  linear 
equat ions of  the form 
n = no + 27di, i i = 1 , 2 , 3 ,  
with  no and 7 material cons t an t s .   Th i s   y i e lds   t he   r e l a t ion  
- 
f o r   t h e   b i r e f r i n g e n c e  A = 
For  quan t i t a t ive  
gence,  one  usually  employs 
A = 2q(dl-  d2) 
nl - n2 '  
exper imenta l  s tud ies  of  s t reaming b i re f r in-  
Couet te   f low.   In   th i s   c i rcu lar   f low of  a 
f lu id  conf ined  be tween  coax ia l  cy l inde r s ,  a t  each  po in t  5,  one proper 
vector   of  2, say d i s  p a r a l l e l   t o   t h e  common axis   of   the   cyl inders ,and 
the  remaining two form angles  of 45" wi th   t he   r ad ia l   vec to r   t o  2. One 
s tud ie s  th i s  f l ow wi th  a polar iscope arranged s o  t h a t  t h e  l i g h t  i s  
propagat ing  in  the  d i rec t ion  d - the  smal les t  o f  the  angles  formed by 
the  i soc l in i c  l i nes '  w i th  the  ax i s  o f  t he  po la r i ze r  i s  usual ly  denoted 
by X and  ca l l ed  the  ex t inc t ion  ang le .  Now, i f  each  proper  vec tor  of  2 
i s  a l so  an  ax i s  o f  r e f r ac t ion ,  a s  i s  the case in  the "s low f low" approxi-  
mation behind equation (2.7),  then the extinction angle should be 45" .  
Steady flow experiments on many %on-Newtonian f l u i d s "  show t h a t  X i s  
-3.' 
-3' 
'In Sect ion 21 we remark tha t  i f  t he  gap  be tween  the  inne r  and o u t e r  
c y l i n d e r s  i s  small, then  each  i soc l ine  i s  a s t r a i g h t  l i n e  l y i n g  a l o n g  a 
r ad ius  vec to r .  
10 
no t ,  i n  gene ra l ,  equa l  t o  45O, bu t  approaches  th i s  va lue  a s  t he  r a t e  o f  
shear  tends  to  zero .  # 
In  the  same l imit  of  s low motions for  which (2.7)  holds ,  the 
stress i n  a general  incompressible s i m p l e  f l u id  wi th  f ad ing  memory obeys 
t h e  c o n s t i t u t i v e  r e l a t i o n s  o f  a Navier -S tokes  f lu id ;#  i . e .  the  pr inc ipa l  
axes of s t ress  equal  the  proper  vec tors  of  2, and the p r i n c i p a l  s t r e s s e s  
obey the equations 
where p i s  a h y d r o s t a t i c  pressure and i s  a pos i t i ve   ma te r i a l   cons t an t  
c a l l e d   t h e   v i s c o s i t y .  It fo l l cws   t ha t ,   i n   t he  l i m i t  of  slow  motions, 
each  p r inc ipa l  ax i s  o f  stress i s  a l s o  a p r inc ipa l  ax i s  o f  r e f r ac t ion ,  and  
the  b i re f r ingence  A i s  given by a r e l a t i o n  o f  t h e  form 
D = b(ol-  02)  (2.10) 
Al though in  the  l imi t ing  cases  of  smal l  deformat ions  of  so l ids  
and s low f low o f  f lu ids  the  p r inc ipa l  axes  o f  s t r e s s  a re  expec ted  to  l i e  
a long  pr inc ipa l  axes  of r e f r a c t i o n ,  t h e r e  is  n o  t h e o r e t i c a l  p r i n c i p l e  o r  
'Departures of X from 45" were appa ren t ly  f i r s t  obse rved  and  s tud ied  by -  
Kundt [1881, 1 1 ;  s o l u t i o n s  of c o l l o d i o n  i n  a l c o h o l  and e t h e r  were among 
the   subs tances   for   which   la rge   depar tures  were observed. It appears 
t h a t  De Metz [1888, 11 '[1906, 11 made t h e  f i r s t  q u a n t i t a t i v e  m e a s u r e -  
ments  of  the  b i re f r ingence  n 1- n2 in  Couet te  f low.  
#Cf. 11960, 1 1 .  
11 
r e l i ab le  expe r imen ta l  ev idence  ind ica t ing  tha t  such  an  e l emen ta ry  r u l e  
ho lds   i n   gene ra l .  # 
We here seek a s i m p l e  t h e o r y  o f  b i r e f r i n g e n c e  i n  v i s c o e l a s t i c  
mater ia l s  cons is ten t  wi th  the  genera l  p r inc ip les  of  mechanics  and 
electromagnetism and with the observed phenomenon o f  op t i ca l  c r eep .  
Furthermore, w e  want  the  theory  to  be  suf f ic ien t ly  genera l  to  enable  
d i scuss ion  no t  on ly  o f  pho toe la s t i c i ty  fo r  so l id s  bu t  a l so  o f  s t r eaming  
b i r e f r ingence  fo r  non-Newton ian  f lu ids  ( a t  a rb i t r a ry  r a t e s  of s h e a r ) .  
Hence, we m u s t  drop the l inear  approximations which a r e  made i n  c l a s s i -  
cal  theories  of  mechanics  and m u s t  a l so  a l low the  past  kinematical  
h i s t o r y  t o  i n f l u e n c e  p r e s e n t  o p t i c a l  and mechanical behavior. 
Any theory which accounts  for  p a s t  deformations of the medium 
i s  b e s e t  w i t h  d i f f i c u l t i e s  n o t  e n c o u n t e r e d  i n  t h e  c l a s s i c a l  t h e o r y  o f  
p h o t o e l a s t i c i t y ;  t h e s e  d i f f i c u l t i e s  a r i s e  from t h e  f a c t  t h a t  m o t i o n  m u s t  
be d iscussed;  i . e .  the  medium cannot  be  assumed t o  be a lways  s ta t ionary  
a s  i s  done i n  p h o t o e l a s t i c i t y .  Of course,  we s h a l l   h e r e   n e g l e c t   r e l a -  
t i v i s t i c  e f f e c t s  of o rde r  u /c , where u i s  the speed of  the mater ia l  2 2  
po in t s  and c is  the   speed   of   l igh t   in   vacuo .  Even in   th i s   approximat ion ,  
the Maxwell-Lorentz  equat ions for  the electromagnet ic  f ie ld  in  moving 
media a re  cons iderably  more compl ica ted  than  for  the  case  of  s ta t ionary  
media. A simple theory  of  b i re f r ingence  emerges  only  i f  one  can  safe ly  
neg lec t  t he  d ragg ing  o f  l i gh t  by t h e  moving d i e l e c t r i c  medium. Fortu- 
na t e ly ,  fo r  t he  f lu id  speeds  o rd ina r i ly  encoun te red  in  v i scoe la s t i c  f lows ,  
such dragging is t r u l y  n e g l i g i b l e .  
." -. . 
'Coleman & Toupin [1962, 11; see Sect ions 15 and 21  o f  t h i s  r epor t .  
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11. BAS IC  ASSUMPTIONS 
3. Concepts from Electromagnetic  Theory 
Fresnel's theory of double  refraction in transparent  media  can 
be shown to rest  upon  the  foundation of Maxwell's  electromagnetic  theory 
of light.' In  the  terminology of electromagnetic  theory,  induced 
birefringence  in an isotropic  material is a  consequence  of the dependence 
of dielectric  properties  upon  the  history of deformation. 
A s  we  are  here  concerned  with  non-magnetic,  non-conducting, 
electrically  polarizable  media,  we may write  the  basic  field  equations 
of electromagnetic  theory  in  the form 
with 
Here 2 is the  electric  field, is the  magnetic flux density, p is the 
polarization  density,  and 2 is  the velocity  of  the  medium.  The  two 
vectors  and h_, given  by (3 .2 ) ,  are  called,  respectively, the electric 
displacement  and  the  magnetic  field.  The  positive  numbers E ,  and p, are 
fundamental  constants  which  depend  upon  only  the  choice  of  units  and  obey 
N 
~ ~~ ~~~ ~ ~ 
'Maxwell [1865, 11 §§102-105,  [1873, 21; see  also  Born & Wolf [1959, 11 




t h e   r e l a t i o n  p , ~ ,  = c , wi th  c the  speed of l i g h t  i n  vacuo. A sa l tu s  
[h l ,  N [iJ1, e tc .  experienced by l~, cl, 5, o r  k ac ross  a s u r f a c e  w i t h  u n i t  
normal z, m u s t  be compatible with the following iump cond i t ions :  
-2 
N v. [GI = 0 , )  
( 3 . 3 )  
Now, the s implest  e lectromagnet ic  theory of l i g h t  i n  mcving 
m e d i a  i s  based upon t h e  c o n s t i t u t i v e  e q u a t i o n  # 
p = E ~ ~ ( Z  + 2xk), with g = ,K- L; ( 3 . 4 )  
N 
here  L i s  the  un i t  t enso r  and  5 i s  a symmetric, p o s i t i v e  d e f i n i t e ,  l i n e a r  
t ransformat ion ,  ca l led  the  d ie lec t r ic  tensor  and  assumed t o  be  indepen- 
dent of 2, k, and 2. ( In   subsequent   chapters  we s h a l l  d i s c u s s  t h e  way ,K 
i s  r e l a t e d  t o  t h e  h i s t o r y  o f  t h e  d e f o r m a t i o n . )  On s u b s t i t u t i n g  ( 3 . 4 )  
i n t o  ( 3 . 2 )  w e  f i n d  t h a t  
The doubly underlined term he re  i s  O(u /c ), 2 2  and may be  safe ly  neglec ted  
when the speed of  the medium i s  small compared w i t h  t h e  v e l o c i t y  o f  l i g h t .  
The s ingly  under l ined  terms g ive  r i s e  to  the  d ragg ing  of l i g h t  by t h e  
medium.# It i s  hoped t h a t  f o r  t h e  a n a l y s i s  o f  l i g h t  waves in  s lowly  
. -  
'Cf. Truesde l l  & Toupin t1960, 21 p. 7 3 7 .  
#Cf. i b i d .  p .  740.  
3.4 
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moving media,  not-  only the doubly,  but  a lso the s ingly underl ined terms 
can be neglected.  In the p resen t  e s say  w e  make such an approximation and 
t ake  
as ou r  s t a r t i ng  e l ec t romagne t i c  co r s t i t u t ive  equa t ions .  
From a more general  point  of  view, our  s ta r t ing  assumpt ions  
(3.6)  involve  approximations beyond t h e  n e g l e c t  o f  r e l a t i v i s t i c  e f f e c t s  
and the dragging of  l ight .  Since w e  have assumed E t o  be  independent  of 
N e and N b (and t h e i r  p a s t  h i s t o r i e s )  and have i m p l i c i t l y  set  t h e   e l e c t r i c  
c u r r e n t  and the magnet izat ion equal  t o  zero ,  appl ica t ion  of  our  theory  
should  be restricted t o  weak f i e l d s  ( i . e .  t o  l i g h t  waves of  "normal" 
in tens i ty)  and  to  media  which  ne i ther  absorb  s t rongly  nor  ro ta te  l igh t .  
Ma te r i a l s  obey ing  cons t i t u t ive  r e l a t ions  o f  t he  form (3 .6 )  a r e  ca l l ed  
p e r f e c t  d i e l e c t r i c s .  
I f  t h e  d i e l e c t r i c  t e n s o r  ,K is  cons t an t  i n  space  and t i m e ,  then 
F resne l ' s  cons t ruc t ion ,  d i scussed  in  Sec t ion  1, gives  a c o r r e c t  d e s c r i p -  
t i on  o f  a s ingle  plane harmonic electromagnet ic  wave governed by the 
equat ions  (3 .1)   and  (3 .6) ,   provided  one  ident i f ies   the  Fresnel   tensor  2 
with c ,K . 2 -1, 
= C E ,  2 -1 2 -1 N K = c &  . (3.7) 
That is, t h e  p r i n c i p a l  a x e s  o f  r e f r a c t i o n  k a re  the  p rope r  vec to r s  o f  5, 




numbers K of 5: i 
2 2 -1 
i i '  v = c K  i = 1,2,3.  
By (3.8) and   (1 .3) ,   each   pr inc ipa l   index   of   re f rac t ion  n obeys  the 
s i m p l e  formula 
i 
n = K  2 
i i' i = 1,2,3.  (3.9) 
The problem of describing a plane electromagnet ic  wave 
p r o p a g a t i n g  i n  t h e  d i r e c t i o n  k through the s t r i p  a of  Sec t ion  1 may be 
solved by applying  the jump cond i t ions  (3 .2 )  t o  the  inc iden t ,  r e f l ec t ed ,  
and t r ansmi t t ed  waves a t  each  surface  of  z .  The exac t   so lu t ion  i s  
complicated;'  but i f  t h e  m a t e r i a l  i s  such  tha t  t he re  is  b u t  a small  loss  
of  l i g h t  by r e f l e c t i o n  a t  t he  en te r ing  and  ex i t i ng  su r faces ,  t hen  the  
conclusions of Section 1 give a very good approximation to  the exact  
so lu t ion .  Thus, under   the   condi t ions   expec ted   in   appl ica t ions ,  a plane 
polar ized wave incident  normal  to  8 is r e so lved  in to  two waves which 
have mutually perpendicular amplitude vectors along k and L2 and  which, 
du r ing  the i r  t r ave r se  o f  a, experience a r e l a t i v e  r e t a r d a t i o n  r given 
by  (1.2). 
-3 
-1 
The o p t i c a l  p r o p e r t i e s  o f  a p e r f e c t  d i e l e c t r i c  a r e  c o m p l e t e l y  
determined when i t s  d i e l e c t r i c  t e n s o r  ,K i s  s p e c i f i e d .  However, any 
inve r t ib l e  func t ion  o f  IZ, such as  the Fresnel  tensor  I, w i l l  do equa l ly  
well .  It appears   to  u s  t ha t   t he   t heo ry  o f  induced   b i re f r ingence   t akes  
i t s  s implest  form i f  one works with the refract ion tensor  E, defined as 
~~ ~ 
'See D i l l  & Fowlkes  [1966, 21 and  Born & Wolf [1959, 11  97.6.1. 
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t h e  p o s i t i v e  d e f i n i t e  s q u a r e  r o o t  o f  5: 
! = E .  def  1/2 (3.10) 
By (3.7) and (3.9),  the proper vectors of E are the  pr inc ipa l  axes  of  
r e f r a c t i o n  k., while  the proper  numbers of E a r e  t h e  p r i n c i p a l  i n d i c e s  of  
r e f r a c t i o n  n Of course, ! determines 2 and 5 th rough  the   re la t ions  i' 
2 -2 L = c Z ,  
N N K = E .  (3.11) 
2 
4 .  Kinematics and the  Refraction  Tensor 
I n   n o n - r e l a t i v i s t i c   f i e l d   t h e o r i e s ,  a body i s  a smooth, 
three-dimensional manifold whose elements X a r e  c a l l e d  m a t e r i a l  p o i n t s  o r  
p a r t i c l e s .  A conf igura t ion   of  % i s  a smooth homeomorphism of  onto a 
region  in   ( three-dimensional)   Eucl idean  space 6 A motion of  i s  a 
one-parameter  family  of  configurations,   the  parameter  being,  of  course,  
the  time. A motion i s  descr ibed by express ing  the  pos i t ion  2 a t  time t 
of a p a r t i c l e  X as a func t ion  X of  t and the posi t ion X, occupied by X i n  
some re fe rence  conf igu ra t ion  &' of S:  
N 
The g rad ien t  o f  t he  func t ion  2 w i t h  r e s p e c t  t o  X, is  t enso r  E c a l l e d  t h e  
deformation gradient :  
N F = V X ( X , , t ) .  5 
1 7  
For a given motion, x depends not only on X and t bu t  a l so  on  the  cho ice  
of   the   re fe rence   conf igura t ion  z. For  the same motion, particle,  and 
t ime,  the deformation gradient  5' r e l a t i v e  t o  some o the r  r e fe rence  
conf igu ra t ion  Z'is 
Here g i s  t h e  d e f o r m a t i o n  g r a d i e n t  o f  z ' r e i a t i v e  t o  &; i . e .  i f  w e  
w r i t e  &' = .€(X), where X,' and 3 are  the  pos i t ions  occupied  by X i n  t h e  
configurations  &/and 8, respec t ive ly ,   then  
N G = V f (X,); 5- (4 .4)  
t o  i n d i c a t e  t h i s  b r i e f l y  o n e  may use  the  no ta t ion ,  
The impor tan t  re la t ion  (4 .3) ,  which  fo l lows  d i rec t ly  from the  cha in  ru le  
for  d i f fe ren t ia t ion  of  composi te  func t ions ,  may be  s t a t e d  i n  t h e  f o l l o w i n g  
e a s i l y  remembered form: I f  Ci, i = 1,2 ,3 ,   a re   any   th ree   conf igura t ions  
of as, and i f  E i s  the  de fo rma t ion  g rad ien t  fo r  t he  conf igu ra t ion  C i  
taking C as   the   re fe rence   conf igura t ion ,   then  
0 ,  j 1 
j 
-(3,1> 
F = F  -(3,2)g(2,1)  ( 4 . 6 )  
.. . 
Since configurat ions are  smooth homeomorphisms, deformat ion  gradien ts  a re  
invertible  tensors;   hence,   in  (4.2)  and  (4.4) we have  det # 0 and 
de t  g # 0.  
18 
In a mot ion ,  the  h is tory  of t h e  d e f o w a t i o n  g r a d i e n t  a t  X up 
to t ime t i s  a tensor-valued function on [O,w) defined by 
We now l a y  down a const i tut ive assumption which broadly 
gene ra l i zes  the  s t a r t i ng  hypo theses  o f  t he  c l a s s i ca l  t heo r i e s  of  induced 
b i r e f r i n g e n c e  d i s c u s s e d  i n  S e c t i o n  2.  We assume t h a t  t h e  d i e l e c t r i c  
t enso r  5 a t  time t i s  determined by  a func t ion  9 of t h e  h i s t o r y  Et: 
K(t)  = $(E ). t 
N 
I n  v iew of  (3 .10) ,  th i s  i s  equiva len t  to  assuming tha t  the  re f rac t ion  
tensor   is  determined by Et: 
The func t ions  $ and 91, which a r e  r e l a t e d  by the equat ion 
(4.10) 
a r e   c a l l e d   c o n s t i t u t i v e   f u n c t i o n a l s .   S i n c e   t h e   f u n c t i o n  Et depends upon 
the  choice  of  re ference  conf igura t ion ,  so a l s o  do the  func t iona ls  R and 9. 
The va lues  of 3 a r e  assumed t o  be  symmetr ic  posi t ive-def ini te  
tensors ,  and the  squa re  roo t  shown i n  (4.10) i s  t o  be i n t e r p r e t e d  a s  t h e  
p o s i t i v e  d e f i n i t e  s q u a r e  r o o t .  Hence spec i f i ca t ion  o f  $ i s  e q u i v a l e n t  t o  
spec i f i ca t ion  o f  9, and the values of 3t a r e  symmetr ic ,  pos i t ive  def in i te  
t enso r s .  
Because we assume the  equa t ions  (3.6), with  15 given by (4.8), 
o u r  t h e o r y  l e a d s  t o  f a m i l i a r  l i n e a r  f i e l d  e q u a t i o n s  f o r  t h e  e l e c t r o m a g n e t i c  
1 9  
v a r i a b l e s  and E. Since,  however, we do  not  assume t h a t  e i t h e r  $ o r  9 
i s  a l i n e a r  f u n c t i o n a l ,  t h e  t h e o r y  is ,  i n  genera l ,  non- l inear  when one 
cons ide r s  t he  in f luence  o f  p re sen t  and past  deformations on opt ical  
behavior.  
5 .  The Stress   Tensor  
Cons i s t en t  w i th  ou r  l i nea r  t r ea tmen t  o f  t he  e l ec t romagne t i c  
f i e l d ,  w e  s u p p o s e  t h a t  t h e  f i e l d  i s  so weak t h a t  i t  has no e f f e c t  on the  
motion  of   the  mater ia l .  We assume tha t   Cauchy ' s   s t r e s s   p r inc ip l e  i s  
va l id  and tha t  the  equat ions  of  mot ion  have  the  c lass ica l  form 
d i v  5 + pL = p ~ ,  .. (5.1) 
with p t he   dens i ty   o f  mass, t he  body force  p e r  u n i t  mass,  and 2 the  
s t r e s s   t e n s o r .  When i t  i s  assumed tha t   t he   e l ec t romagne t i c   f i e ld   does  
not  in f luence  the  mot ion ,  the  pr inc ip le  of  angular  momentum, toge ther  
with (5.1) and the usual  assumptions regarding the absence of  dis t r ibuted 
moments and  couples ,   implies   that   Cauchy's   s t ress   tensor  i s  symmetric: 
s = s .  T 
N 
We here  take (5 .2)  a s  a postulate .   Furthermore,   as  i s  usua l   i n  modern 
continuum mechanics, we assume t h a t  5 i s  determined b y  a func t ion  6 of  
t h e  h i s t o r y  of the  deformat ion  gradien t :  
N S ( t )  = ( 5 . 3 )  
20 
The  constitutive  functional 6 occurring  here,  like 3 and $, depends  upon 
the  choice of the  reference  configuration. 
6 .  Changes  of  Frame 
In classical  mechanics  a  change of frame is a  one-parameter 
family  of  transformations 2 -+E;\ of Euclidean  space 6 onto  itself,  with 
time  the  parameter,  such  that  at  each  instant  the  mapping 5 -+ 25c 
preserves distances.' 1.1 can  be  proved  that  every  change  of  frame  must 
be of the form 
where,  for  each  time t, z(t) is a  point  in 6 and Q(t) is an orthogonal 
tensor; q is a  point  in  which  can  be  taken  independent  of t. It 
follows  that  under  a  change of frame  the  vectorial  difference 2 of  two 







Thus,  since Q(t)  is orthogonal,  a  change of frame  preserves  not  only 
distances,  but  also  inner  products  and  hence  angles,  and,  in  particular, 
N 
I 
the  uni t  normal  5 t o  a s u r f a c e  i s  t ransformed into 
A change  of  frame  transforms a motion  into a new motion  &given  by 
Therefore,  by  ( 4 . 2 ) ,   a t   e a c h   p a r t i c l e  X and  time t ,  the  deformation 
g rad ien t  i s  t ransformed  into 
and t h e  h i s t o r y  Et of  E is  c a r r i e d  i n t o  t h e  f u n c t i o n  x>k given by t 
It i s  assumed, in  c lass ica l  mechanics ,  tha t  contac t  forces  t ransform as 
point  differences'  under  changes  of  frame; i . e .  i f  2 i s  t h e  s t r e s s  v e c t o r ,  
then 2 + 2*, where 
2,s: = N Q(t )z -   (6 .8 )  
Since 2 = z, it  follows  from  (6.4)  and (6.5) t h a t  
This las t  formula  g ives  the  t ransformat ion  ru l e  f o r  t h e  stress tensor;  
i . e .   z (X, t )   -+Z*(X, t ) ,  where 
We he re  assume, fur ther ,  tha t ,  under  a change  of  frame, E and 2 transform 
'By "poin t  d i f fe rences"  w e  mean "elements of the  t rans la t ion  space  of  d7 ", 
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(6.11) 
In  c lass ica l  cont inuum phys ics ,  the  idea  tha t  mater ia l  p roper -  
t i es   should  be independent  of  the  observer,  or  frame  of  reference, i s  
rendered mathematical by assuming the fol lowing postulate .  
P r i n c i p l e  of Mater ia l   Frame-Indifference:  I f  a given  process i s  com- 
pa t ib l e  w i th  a cons t i t u t ive  a s sumpt ion ,  t hen  a l l  p rocesses  ob ta ined  from 
tha t  process  by changes of frame m u s t  be compatible with the same c o n s t i -  
tut ive  assumption.  
# 
We here employ t h i s  p r i n c i p l e .  I n  so doing, we impose  on  our 
theory  the  space- t ime s t ruc ture  of  classical  mechanics and, further,  make 
assumptions which imply that the simultaneous spinning of a d i e l e c t r i c  
and i t s  e l ec t romagne t i c  f i e ld  has  no e f f e c t  upon the  po la r i za t ion  o f  t he  
d i e l e c t r i c .  The use   o f   c lass ica l   space- t ime seems a p p r o p r i a t e   t o  a theory 
which i s  t o  be  appl ied  only  in  s i tua t ions  involv ing  "smal l  speeds" .  # 
"_ " 
'Also cal led the   "Pr inc ip le   o f   Objec t iv i ty" ;  see No11 [1958, 1 1 .  
##See t h e  d i s c u s s i o n  a f t e r  ( 3 . 5 ) .  
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Let us consider  first  the  electromagnetic  constitutive  equations 
(3.6). If li, k, 2, and 2 obey  these  equations,  and  if cl;\, i+r, and kt; 
are  given by (6.11), then k* and h* obey (3.6)1,  i.e. 
(6 e 12) 
while s;k and cl;: obey  the  equation 
Thus,  the  defining  equations  for a perfect  dielectric (3.6) are  compatible 
with  the  principle  of  material  frame-indifference if and  only  if  we  assume 
that  for  changes  of  frame  the  dielectric  tensor  obeys  the  same  transfor- 
mation  rule as  the stress  tensor;  i.e. ,K + I&, where 
It follows  that  the  refraction  tensor  defined  in (3.10), also  obeys 
this  rule; i.  e. E + E;k, where 
Now, frame-indifference  requires  that  the  constitutive func- 
tionals 9 and 6 in (4.9) and  (5.3) be  such  that  these  equations  remain 
valid  whenever bl(t), z(t), and x are  replaced  by  their  transforms FJ;.?(t), 






and,  in  view of (4.9) and (5.3), we have 
(6.18) 
The  principle of material  frame-indifference  implies  that  these  relations 
hold  for  every  function Qt whose  values  are  orthogonal  tensors  and  for 
every  history Et.# Conversely,  if  the  equations (6.18)  hold as  identities, 
the  constitutive  relations (4.9) and  (5.3) are preserved  under  changes of 
N 
frame. It is obvious  that  a  similar  remark  holds  for  the  functional R 
and  the constitutive  equation (4.8). 
Functionals  which  obey  the  identity (6.18)  for each  orthogonal- 
tensor-valued  function  Qt  are  called  objective  functionals.  Thus,  the 
principle  of  material  frame-indifference  is  here  equivalent to  the asser- 
tion  that  the  constitutive  equations (3.6), (4.8), and  (5.3) are  such 
that SC in (4.8) and in (5.3) are  objective  functionals.  Of  course, R 
is  objective  if  and  only if 3 is. 
N 
. .  - 
'More precisely, (6.18) holds  for  every  history zt in  the  domain 0 of 9 
and 6 and every  orthogonal-tensor-valued  function  Qt  such  that  QtFt is 
in 8 . In  Coleman & Nollss theory  of  fading  memory  11960, 11 [1961, 21, if 
F is  a  history  in 8 and  if  Q (s) is  orthogonal  for  each s, then, for 
Q E to  be in (8, it  suffices  that  the  function Qt be  measurable. 
N N 
t 






111. GENERAL  PROPERTIES OF CONSTITUTIVE  FUNCTIONALS 
7. Consequences of Mater ia l   Frame-Indifference 
The bas i c  cons t i t u t ive  equa t ions  of our theory may be  summarized 
as  fo l lows:  
where E ( t ) ,  c a l l e d  t h e  r e f r a c t i o n  t e n s o r ,  i s  p o s i t i v e  d e f i n i t e  and 
symmetric,  and 2 ( t ) ,   t h e   s t r e s s   t e n s o r ,  i s  symmetric. The c o n s t i t u t i v e  
func t iona l s  9 and 6 a r e  o b j e c t i v e ;  i .e.  obey  the  r e l a t ions  
9~ E = Q'~(o)~~(F")Q"(o)-' ,  ;k >k N N 6(i'Ex) = N Q~r(0 )~(E" )~ 'k (O) - l ,  H (7.2) 
fo r  eve ry  h i s to ry  E and every  func t ion  Q" whose va lues  a re  or thogonal  
t enso r s .  
;k -L 
N 
The g e n e r a l  s o l u t i o n  o f  i d e n t i t i e s  of the  type (7.2)  i s  known # 
and  has  found  applications  in  continuum  mechanics.  To present   the  
so lu t ion ,  l e t  u s  n o t e  t h a t ,  by the  polar  decomposition  theorem,  the 
(non-singular)  deformation gradient  tensor  E can be wr i t t en  i n  two ways 
as  the product  of a symmetr ic ,  pos i t ive-def in i te  tensor  and an orthogonal 
26 
tensor:  
N F = R J = E .  ( 7 . 3 )  
The or thogonal  tensor  2 and the symmetric, p o s i t i v e - d e f i n i t e  t e n s o r s  ,V 
and ,V in  these decomposi t ions are  uniquely determined by 2 and obey t h e  
r e l a t i o n s  
N v = " RUR-';
N 
R i s  c a l l e d  t h e  r o t a t i o n  t e n s o r ,  w h i l e  c and 1, r e s p e c t i v e l y ,   a r e   c a l l e d  
the  r igh t  and left s t r e t c h  t e n s o r s ;  s and E are c a l l e d  t h e  r i g h t  and left 
Cauchy-Green t enso r s .  The func t ions  5 , ,V , and ct ,def ined by t t  
a re   t he   h i s to r i e s   o f   t he   ro t a t ion   t enso r ,   t he   r i gh t   s t r e t ch   t enso r ,  and 
t h e  r i g h t  Cauchy-Green t e n s o r  a t  X up to  t ime t .  
C lea r ly ,  (s)  i s ,  fo r   each  s,  an  orthogonal  tensor,  and i f ,  t -1 
i n  (7.2), w e  p u t  E (s) = x (s) and 3r t 
9 ( u t )  = N R(t)-lYt(;t)$(t), 
Hence, (7.  1)1&2 can   be   wr i t ten  # 
N ( t )  = N R(t)lt(,Vt)$(t>-', 
9 (s)  = Rt(s)-', we o b t a i n  3r 
E ( f )  = N R(t>- '6(Et)$(t) .  (7 .6 )  
N S ( t )  = N R(t)G(LJt)E(t)-'; (7 .7)  
'The equat ion (7.7)2 was f i r s t  o b t a i n e d  by No11 11958, 11. 
27 
i .e .  a  knowled.ge o f  t h e  h i s t o r y  o f  t h e  r i g h t  s t r e t c h  t e n s o r  and t h e  
p re sen t  va lue  o f  t he  ro t a t ion  t enso r  su f f i ces  to  de t e rmine  the  p re sen t  
v a l u e s  o f  t h e  r e f r a c t i o n  and stress tensor .  
It i s  o f t en  conven ien t  t o  employ the  func t iona l s  Gj  E, %, 
N N  
defined by the  equat ions  
which hold for each function 2'' on [O,m) whose va lues  s " ( s )  are symmetric,  
pos i t ive-def in i te   t ensors .   Here  2 denotes   the   func t ion  whose va lue   fo r  
7 t  1 
each s, s ( s ) F j  i s  the   pos i t i ve -de f in i t e   squa re   roo t  of  s " ( s ) ,  and s ( 0 j 5  
.L -1- 
1 *-2 
>k 1 -1- 
i s  the   inverse   o f  s In terms of   these   func t iona ls ,  ( 7 . 7 )  can  be 
w r i t t e n  
o r ,  equiva len t ly ,  # 
(7 .10)  
One  may write (7.9) i n  t h e  form 
'The equation  (7.10) was obtained by Green ti R i v l i n  [1957, 1 1 .  2 
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a r e  c a l l e d ,  r e s p e c t i v e l y ,  t h e  r o t a t e d  r e f r a c t i o n  t e n s o r  and t h e  r o t a t e d  
stress t enso r .  
"
8. Mate r i a l  Symmetry 
A s  we have already mentioned,  the const i tut ive funct ionals  117 
and 6 a r e  a f f e c t e d  by the  choice  of  re ference  conf igura t ion .  S ince  the  
motion determines E and 5 independently of the  re ference  conf igura t ion ,  
i t  fol lows from ( 4 . 3 )  t h a t  i f  72/= gg, then  for  each  motion, a t  each 
time t ,  
L L/ L 
where 
and t h e  s u b s c r i p t s  on 9 and 6 show the  choice  of re ference .  Thus, i f  we 
p u t  E = E , we obtain  the  fol lowing  general   formulae:  
-1. I 
The r e l a t i o n s  (8.3) h o l d   f o r   e v e r y   h i s t o r y  and hence  determine 98, and 
6 when %e and Gz a r e  known. 
* 
R' 
If P g  and p / a r e  t h e  mass d e n s i t i e s  i n  two re ference  z 
conf igu ra t ions  and R 'wi th  @'= s&, then 
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We now t ake  over  and extend some d e f i n i t i o n s  employed  by 
No11 [1958, 11.  The group dR of  unimodular  tensors  for  which 
i s  cal led t h e  symmetry group (of the material a t  X)  r e l a t i v e  t o  t h e  
r e fe rence   conf igu ra t ion  x . #  The elements  of d?? may b e   i n t e r p r e t e d   a s  
the deformation gradients  of those changes of  reference configurat ion,  
s t a r t i n g  from xy which are   "undetec tab le"   in   the   sense   tha t   they   preserve  
both  the mass d e n s i t y  and t h e  c o n s t i t u t i v e  f u n c t i o n a l s  9 and 6. By ( 8 . 3 ) ,  
a unimodular tensor 5 i s  i n  .P,e i f  and  only  i f  
f o r  a l l  h i s t o r i e s  E . ;'r 
The symmetry group d$ f o r  a given  material   depends upon the 
reference z .  In f a c t ,  i t  i s  e a s i l y  shown t h a t  i f  x'= sz, then 
equals   the  conjugate ,  G Ja G-', of dR under E; i . e .  E' i s  in i f  
and o n l y   i f  g'  = E f o r  some i n  
4 
-1 4f 
I f   t h e r e   x i s t   r e f e r e n c e   c o n f i g u r a t i o n s   f o r  which t h e  
#i? 
corresponding symmetry groups && conta in   the   fu l l   o r thogonal   g roup  
a s  a subgroup,  then the mater ia l  i s  c a l l e d  i s o t r o p i c  and these  r e fe rence  
configurat ions  with & 3 &are s a i d   t o  b e  und i s to r t ed .  If, for   sornez ,  x 
#H N i s  unimodular i f  and o n l y   i f   l d e t  = 1. No11 [1958, 11 c a l l e d  
Jz the i so t ropy  group r e l a t i v e  to g. 
"i. e.  the group of  a l l  or thogonal  tensors .  
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B'ccontains d?? as a subgroup,  then the mater ia l  i s  s a i d  t o  b e  a s o l i d .  
Hence, each   i so t rop ic   so l id   has   con f igu ra t ions   fo r  which J .  =
I f  i s  the  unimodular  g oup ,# t hen   t he   ma te r i a l  is  a f luid;  i t  
i s  e a s i l y  shown t h a t  i f  d& = &! f o r  one   re ference   conf igura t ion  z, 
then - zd fo r   eve ry   o the r   r e f e rence   conf igu ra t ion  z: and thus R' - 
every  re ference  conf igura t ion  of  a f l u i d  i s  u n d i s t o r t e d .  
There i s  a theorem of  g roup  theo ry  wh ich  s t a t e s  t ha t ,  i f  a 
group ,& i s  a subgroup of the unimodular group &! and con ta ins  the  
orthogonal group &as a subgroup,  then ei ther  ~8 = zk o r  ,&= p." 
Hence, e a c h  i s o t r o p i c  m a t e r i a l  i s  e i t h e r  a s o l i d  or a f l u i d .  
9 .  Consequences of Mater ia l   I so t ropy  
It can be  shownM tha t  fo r  each  i so t rop ic  ma te r i a l ,  whe the r  
s o l i d  o r  f l u i d ,  t h e r e  e x i s t  two func t iona l s ,  9 and c, s u c h  t h a t  i f  s ( t )  - 
i s  t h e  r o t a t i o n  t e n s o r  and gL t h e  h i s t o r y  o f  t h e  r i g h t  s t r e t c h  t e n s o r ,  
b o t h  t a k e n  r e l a t i v e  t o  a n  u n d i s t o r t e d  r e f e r e n c e  c o n f i g u r a t i o n  x, then 
E ( t )  = N R(t)%(uLJ t )€t(t)-', N S ( t )  = N R(t)g(uUt)R(t)- ' ,   (9.1) 
where 
u =  -1 / 3  
; 
#lfBrauer  11965, 11,  No11 [1965, 31. 
#Coleman [1968, 1 1 .  
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and p i s  t h e  mass d e n s i t y   i n   t h e   c o n f i g u r a t i o n  z ;  t h e   f u n c t i o n a l s  5 ae 
and are  independent of t he   cho ice  of @, provided i s  undis tor ted ;  
furthermore,  5 and  obey t h e   r e l a t i o n s  
for  each or thogonal  tensor  Q and each history 1'' i n  t he  domain  of 5 and 6. -I- 
N - 
It i s  a consequence of  (9 .1)  that  for  an isotropic  mater ia l  
t he   cons t i t u t ive   qua t ions   (7 .1 )  may be  w r i t t e n  1&2 
where g ( t )  and 1 a r e  t a k e n  r e l a t i v e  t o  a n  a r b i t r a r y  u n d i s t o r t e d  r e f e r e n c e  t 
conf igura t ion  and 
a r e  t h e  r o t a t e d  r e f r a c t i o n  t e n s o r  and r o t a t e d  s t r e s s  t e n s o r  r e l a t i v e  t o  
,% . It fol lows from  (9.3)  that ,   for  each  orthogonal  tensor Q, t he  
A 
N 
c o n s t i t u t i v e  f u n c t i o n a l s  9 and G obey t h e  r e l a t i o n s  
A 
a s   i d e n t i t i e s   i n  p and 2". 
.I- 
% 
Funct ionals  which obey ident i t ies  of  the type (9.3)  and (9.6),  
for   each  or thogonal   tensor  Q, a r e   c a l l e d   i s o t r o p i c   f u n c t i o n a l s .  The 
isotropy of  the funct ionals  9 and  Gmay  be  expressed  as  follows:  For 
N 
A A 
each constant  or thogonal  tensor  Q, 
N 
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Here A + B means "A replaced by B", and =>, as usual,  denotes 
imp l i ca t ion .  
An a l t e r n a t i v e  form of the equat ions (9.4)  i s  
where st i s  t h e  h i s t o r y  o f  t h e  r i g h t  Cauchy-Green t e n s o r  r e l a t i v e  t o  a n  
a r b i t r a r y  u n d i s t o r t e d  r e f e r e n c e  c o n f i g u r a t i o n  g, and i ( t )  and s ( t )  a r e  
aga in  g iven  by  (9.5). The f u n c t i o n a l s  5 and g, l i k e  9 and (5, a r e  i s o t r o p i c ;  h h 
i . e .  for  each  or thogonal  Q, 
N 
i d e n t i c a l l y   i n  p and 2". Thus, when Q i s  orthogonal,  
-c 
R N 
=> i ( t )  +CJN(t)S t 
N -1 
and s ( t )  + %(t)S-l .   (9 .10)  
N 
N 
There i s  a s t r ik ing  formal  s imi la r i ty  be tween the  equat ions  
(9 .8 )  and (7.11). It w i l l  be   reca l led ,  however, tha t   (7 .11)   ho lds   for  
a l l  subs t ances  cove red  by the basic assumptions l a i d  down in Chapter  11, 
while (9 .8)  i s  a p p r o p r i a t e  t o  i s o t r o p i c  m a t e r i a l s ;  t h e  c o n s t i t u t i v e  
func t iona ls   in   (7 .11)  are no t ,   i n   gene ra l ,   i so t rop ic ,   bu t   t he   func t iona l s  
i n  (9 .8 )  are.   Furthermore,   in  (7.11) no simple r u l e  i s  impl ied   for   the  
dependence of !Jl and Q on the  choice  of  the  re ference  conf igura t ion  8, 
while   here  we see t h a t ,   f o r   i s o t r o p i c   m a t e r i a l s ,   i f  i s  chosen  to   be 
undis tor ted ,   the   cor responding   func t iona ls   can  depend  on only  through 
t h e   d e n s i t y  p ( In   fact ,   the   dependence  on p m u s t  be  compatible  with 




Let l- be   the   (cons tan t )   func t ion  on [O,m) wi th   value A; i .e .  t 
(9.11) 
Of course ,  for  a body which has never l e f t  i t s  r e fe rence  conf igu ra t ion  i f ,  o r  
has   been   subjec ted   to   on ly   r ig id   ro ta t ions  from z, st = L . Employing 
(9.10), i t  i s  e a s y  t o  show t h a t ,  i f  x i s  undis tor ted ,   then  
t 
N C t  = I;+ => s ( t )  = no (%)A and SJt) = -p(p )A. (9 .12)  
bt 
Thus, f o r  a n  i s o t r o p i c  m a t e r i a l  whi.ch has always been in a s i n g l e  
und i s to r t ed   conf igu ra t ion  z o r  has   experienced  only  rotat ions from z, 
t he  ve loc i ty  o f  l i gh t  i s  t h e  same i n  a l l  d i r e c t i o n s ,  w h i l e  t h e  s t r e s s  i s  
a hydros t a t i c  p re s su re ;  t h i s  ve loc i ty  and pressure are  determined by p A‘ 
10. General   Propert ies   of   Fluids  
For a f lu id ,  eve ry  conf igu ra t ion  i s  und i s to r t ed ,  and  hence, i n  
each  of  the  formulae  of  the  prev ious  sec t ion ,  one  can  le t  A be the 
c o n f i g u r a t i o n  a t  time t. When such a choice i s  made, w e  have  E( t )  = L, 
N R ( t )  = I., N’(t) = E(t), g( t )  = 5 ( t ) ,  and (9.1) r educes   t o  N N 
Here Ut i s  a func t ion  on [O,m) such  that  U (s) i s  t h e  r i g h t  s t r e t c h  
tensor  a t  t i m e  t -s  r e l a t i v e  t o  t h e  c o n f i g u r a t i o n  a t  time t .  The 
func t iona l s  5 and  epend on only  the  f luid  under   considerat ion,   and,  





same choice  of  re ference  causes  (9.8) t o  r educe  to  
where % and  obey t h e   i d e n t i t i e s  (9 .9)  for   each  or thogonal  Q, and Ct i s  
such that  
N “t 
The func t ion  F t  ca l l ed  the  h i s to ry  o f  t he  r e l a t ive  de fo rma t ion  g rad ien t ,  
i s  computed as   fo l lows .  L e t  X (2,”) be   t he   pos i t i on   i n   space   a t  t i m e  T 
of  t h e  p a r t i c l e  which  has  the  posit ion 2 a t  t i m e  t .  The r e l a t i v e  
de fo rma t ion  g rad ien t  a t  t i m e  T ( i . e .  t he  de fo rma t ion  g rad ien t  a t  t i m e  T 




and we have 
The func t ion  C t  i s  c a l l e d  t h e  h i s t o r y  o f  t h e  r i g h t  r e l a t i v e  Cauchy-Green 
tensor .   Clear ly  
“t 
and hence 
F ( t )  = 1 and  Ct(0) = Et (0) = A. t t “t - N (10.6) 
1. 
The i so t ropy  o f  t he  func t iona l s  i n  (10.1) and (10.2) i s  expres sed  in  the  
fo l lowing  a s se r t ion  which i s  t r u e  o n l y  f o r  f l u i d s :  For  each  orthogonal 
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gt "Q&S =' g t >  + % ( t > S  t t -1 -1 and SJt) -+%(t)Q-'.   (10.8) 
N 
It follows from  (10.2)  and  (10.3)  that,  as  expected, 
Ct = It => g ( t )  = n " ( p ( t ) ) L   a n d   z ( t )  = - p ( p ( t ) ) L .  
"t 
(10.9) 
Thus, f o r  a f l u i d  which has  been subjected to  only r igid rotat ions,  
regard less  of  what t he  p re sen t  conf igu ra t ion  i s ,  the  index  of  re f rac t ion ,  
n o ,  i s  independent   of   di rect ion and t h e  s t r e s s  i s  a hydros t a t i c  p re s su re ,  
-pL; both no and p are  determined once the densi ty  i s  s p e c i f i e d . .  
# 
'For an  incompressible   f luid,  however, p i s  a r b i t r a r y ,  i n  t h e  s e n s e  t h a t  
i t  i s  not  determined by the  local   motion  a lone.   See  Sect ion 1 7 .  
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IV .  PARTICULAR MOTIONS OF ISOTROPIC  MATERIALS 
11. Sheared  Extensions 
The cons t i t u t ive  equa t ions  (9.8) f o r  a n  i s o t r o p i c  m a t e r i a l  
o f ten  can  be  s impl i f ied  i f  someth ing  i s  known i n  advance about the motion 
the  body i s  undergoing.   In   this   chapter  we describe  the  reduced  forms 
taken by the   func t iona l s  5 and i n  a broad  c lass  of  motions  called 
"sheared  extensions".   Al though  the  discussions  of   this   sect ion and 
Sec t ions  1 2  and 13  a re  va l id  fo r  gene ra l  i so t rop ic  ma te r i a l s ,  whe the r  
s o l i d  o r  f l u i d ,  w e  expec t  t ha t  t he  results w e  g ive  here  w i l l  f i n d  t h e i r  
main app l i ca t ion   i n   t he   s tudy   o f   so l id s .  The reduct ions  w e  d e s c r i b e  f o r  
5 were derived by Coleman [1968, 11, and w e  summarize h i s  resu l t s  without 
repea t ing   the   p roofs .   S ince  5 obeys  the same i d e n t i t i e s  a s  E, t he  




L e t  E( t - s )  be t h e  d e f o r m a t i o n  g r a d i e n t  a t  a p a r t i c l e  X a t  time 
t - s  r e l a t ive   t o   an   und i s to r t ed   r e fe rence   conf igu ra t ion  8.  One says 
t h a t  t h e  h i s t o r y  of X up  t o  time t is a s h e a r e d  e x t e n s i o n  i f ,  f o r  a l l  
s 2 0,  
N F ( t - s )  = N P( t -s )b l ( t - s )  (11.1) 
where F'(t-s) i s  an  or thogonal   tensor   for   each s, and i s  such   tha t   there  
ex i s t s  an  o r thonorma l  bas i s  ki, independent  of s ,  r e l a t i v e  t o  which  the 
37 
components of g ( t - s )  
h ( t - s ) I  = 
have  the  form 
O I  
0 0 B3 (t-s)]  
-1 
h .  i s  ca l led   the   canonica l   bas i s   o f   the   sheared   ex tens ion .  I n  t h e   s p e c i a l  
ca se  in  wh ich  ( ( t - s )  E 0, the  motion i s  ca l l ed  an  ex tens ion ;  i f  
@, ( t - s )  = @ ( t - s )  t @ ( t - s )  1, the  mGtion is c a l l e d  a shear ;  we d i scuss  
these  two impor t an t   spec ia l   ca ses   i n   Sec t ions  12  and 13  below. F i r s t ,  
however, we give some results v a l i d  for general  sheared extensions.  
2 3 
In a g iven  sheared  ex tens ion ,  the  h is tor ies  of  the  ro ta t ion  
tensor  13 and the  r igh t  Cauchy-Green tensor  2 can be c a l c u l a t e d  from 2 and 
M. Using t h e   r e l a t i o n  
N 
C(t -s )  = F ( t - s )  x ( t - s )  w N (11.3) 
T 
one may e a s i l y  show t h a t  t h e  h i s t o r y  of a p a r t i c l e  up t o  time t i s  a 
sheared  ex tens ion  i f  and only  i f  there  ex is t s  an  or thonormal  bas i s  hi, 
independent of s, r e l a t i v e  t o  which 
l o  
(11.4) 
f o r  a l l  s 2 0; t h i s  b a s i s  hi is ,  of course ,  the  canonica l  bas i s  of t h e  
38 
sheared  extension;   fur thermore,  
5 = SB2, Y1 = w, Y2 = B,, 73 = B3, (11 5) 
or ,   equiva len t ly ,  
The following theorem gives the reduced forms taken by t h e  
equat ions  (9 .8)  when t h e  l o c a l  m o t i o n  i s  a sheared  extension:' I f ,  
r e l a t i v e  t o  a n  u n d i s t o r t e d  r e f e r e n c e  c o n f i g u r a t i o n  g, t h e  h i s t o r y  up 
t o  time t of  an  i so t rop ic  ma te r i a l  i s  a sheared extension with canonical  
b a s i s  hi, then  the  matr ices   of   the   components ,   re la t ive  to  ki, of t he  
ro t a t ed   r e f r ac t ion   t enso r   (9 .5 ) ,  and 
have  the forms 
[ i i ( t ) l  = 
K ( t ) I  = 
moreover, s i x  s c a l a r - v a l u e d  m a t e r i a l  
t h e  r o t a t e d  stress tensor  (9.5),,  
(11.7) 
? (11.8) 
func t iona l s ,  FN, AN, AN, and 
3 s J  *s, As, determine  the  non-zero  components  in  (11.7)  and  (11.8) 
'Cf. 11968, 1 1  Thm. 7 .  
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as   fo l lows  : 
(11.9) 
with 
These func t iona l s  T ~ ,  b1, k, (I  = N,S) are  independent of t h e   d i r e c t i o n s  
i d e n t i t i e s  
(11.12) 
40 
f o r   a l l   f u n c t i o n s  6 , Y19 Y2, i n   t h e i r  domain  of definit ion.   Furthermore,  * * * *  3 
where 0' i s  t h e  f u n c t i o n  on [O,m) with  cons tan t  va lue  0: 
0 (s) = 0, o < s < m .  t 
(11.13) 
(11.14) 
12.  Motions of Extension 
Since   the   t ensor   in  ( 7 . 3 )  i s  an  or thogonal   tensor ,   the   r ight  
and l e f t  s t r e t c h  t e n s o r s ,  ,U and 1, have  the same proper numbers ?L these  
numbers a r e  c a l l e d  p r i n c i p a l  s t r e t c h  r a t i o s .  The proper   vec tors  of ,V and 
y, zi and ui, a r e   c a l l e d ,   r e s p e c t i v e l y ,   t h e   r i g h t  and left p r i n c i p a l  
d i r e c t i o n s  of s t r e t c h  and  obey r e l a t i o n s  o f  t h e  form 
iJ 
N 
(12 m 1) 
The proper numbers 0 and proper  vectors s o f   t he   s t r e s s   t enso r  5 a r e  
c a l l e d   p r i n c i p a l   s t r e s s e s  and p r inc ipa l   axes   o f   s t r e s s .  The p r i n c i p a l  
s t r e s ses  a re  a l so  the  p rope r  numbers  of t h e  r o t a t e d  s t r e s s  2 = E SR, 
whi le  the  pr inc ipa l  axes  of  s t ress  a re  re la ted  as  fo l lows  to  the  proper  






-i -1 s = Rs.( t ) .   (12.2)  
S imi la r ly ,   the   p roper  numbers n of  2, i .e.  t h e   p r i n c i p a l   i n d i c e s  of i 
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r e f r ac t ion ,   equa l   t he   p rope r  numbers  of = 23 E, and  the   p r inc ipa l  axes 
o f  r e f r ac t ion  lc., i .e .  the  proper  vec tors  of FJ, are  determined by E and 




k. = &n. N 
-1 
( 1 2 . 3 )  
I f  t h e  r i g h t  p r i n c i p a l  d i r e c t i o n s  o f  s t r e t c h  a r e  c o n s t a n t  i n  
time a t  a p a r t i c l e  X, then the motion of X i s  an extension. More 
p rec i se ly ,  one  says  tha t  t he  h i s to ry  o f  X up t o  t i s  an  ex tens ion  i f  
there   ex is t s   an   o r thonormal   bas i s  u (independent of s )  r e l a t i v e  t o  
which  the  matr ix   of   the  components  of LJ(t-s) has  the  form 
-i 
[LI(t-s)l = 7 (12.4) 
f o r  a l l  s >_ 0. The vec to r s  u are then   obv ious ly   r i gh t   p r inc ipa l   d i r ec -  
t i o n s  o f  s t r e t c h  and the numbers h . ( t - s )  are p r i n c i p a l  s t r e t c h  r a t i o s .  
Furthermore, i t  is  obvious   tha t ,   in   the   t e rminology  of   Sec t ion  11, an 
extension can be defined to be a sheared  ex tens ion  wi th  {( t - s )  = 0 f o r  
a l l  s 2 0. For  an  extension,  l?(t-s)  in  (11.1)  can  be s e t  equa l  t o  €l(t-s); 
E ( t - s )  t hen  equa l s  I ( t - s ) ,  t he  bas i s  h .  equa l s  t he  bas i s  I J~,  whi l e ,  i n  




The main reduct ion theorem for  motions of  extension s ta tes  the 
fo l lowing . '   I f ,   r e l a t ive   t o   an   und i s to r t ed   conf igu ra t ion  z, t h e   h i s t o r y  
u p  t o  t o f  an  i so t rop ic  ma te r i a l  is an extension, then a t  time t each 
l e f t  p r i n c i p a l  d i r e c t i o n  o f  s t r e t c h  z .  ( t )  is  a l s o  a p r i n c i p a l  a x i s  o f  
-1 
r e f r a c t i o n  k . ( t )  a n d  a p r inc ipa l  ax i s  o f  stress s ( t ) ;  moreover ,  there  are  
two sca l a r -va lued  ma te r i a l  func t iona l s ,  fN and &, which determine the 




n , ( t>  = # N ( ~ i ~ ~ ~ > ~ ~ ; ~ ) >  
n,( t>  = + N ( ~ i ~ x ~ , x ~ ; ~ ) ~  
n 3 ( t >  = fN(k:,xi,xk;%), 
(12.5) 
(12.6) 
where 1' given by i, 
x; ( s )  = L ( t - s ) ,  i = 1,2,3,  0 5 s < m. (12.7) 
i s  t h e  h i s t o r y  up  t o  t o f  t h e  p r i n c i p a l  s t r e t c h  r a t i o  a s s o c i a t e d  w i t h  
t h e   r i g h t   p r i n c i p a l   d i r e c t i o n   o f   s t r e t c h  :I. The func t iona l s  A and 
are  independent  of  the direct ions of  s t re tch,  depend on L@ only 
through p and  obey  the  ident i ty  R '  
(12.8) 
f o r  a l l  t r i p l e t s  o f  p o s i t i v e  f u n c t i o n s  a ,P ,Y on  LO,^). 
>k "c >k 
It fol lows from (7.4)  that  the proper  vectors  of  ,LJ coinc ide  
with  those of whi le   the   p roper   vec tors  of 1 coincide  with  those  of  E.  
Thus, t o  see whe the r  t he  h i s to ry  Et a t  a p a r t i c l e  X has been an extension 
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one need merely observe whether  the proper  vectors  of  s( t -s)  = x ( t - s )  F'(t-s) 
T 
are independent of s a t  X; i f  t h e y  a r e ,  i f  t h e  m a t e r i a l  a t  X is  i s o t r o p i c ,  
and i f  t h e  r e f e r e n c e  c o n f i g u r a t i o n  is  undis tor ted ,  then  each  proper  vec tor  
of   E( t )  = F'(t):(t)T w i l l  be  bo th  a p r i n c i p a l  a x i s  o f  r e f r a c t i o n  and a 
p r i n c i p a l  a x i s  o f  s t r e s s  a t  X. 
The func t iona l  s i n  (12.5) and (12.6) are  determined by the  
func t iona l s  A, and .f i n  (11.9)  and  (11.10)  through  the  relations,  I I 
which  hold  for a l l  p o s i t i v e  f u n c t i o n s  a^, B", 7'' on [O,m). 
-1. -L J- 
13.  Shearing  Motions 
The h i s t o r y  of a p a r t i c l e  X up t o  t i m e  t i s  a s h e a r  i f ,  f o r  a l l  
s L 0, 
N F ( t - s )  = N P(t-s)!(t-s),  (13.1) 
where  l?(t-s) i s  or thogonal  and there  exis ts  an or thonormal  basis  hi, 
independent  of s, r e l a t i v e   t o  which  the  components  of  have  the  form 
Thus a shear  i s  a sheared extension with 
(13 .2)  
(13.3) 
Clea r ly ,  fo r  a shear ,   the   equat ions   (11 .5)   reduce   to  
E = 5 ,  y: = 1 + c2 ,  Y2 = Y3 = 1, (13.4) 
and, by (11 .4) ,  the  h is tory  of  X up t o  t i s  a s h e a r  i f  a n d  o n l y  i f ,  f c r  
some or thonormal  basis  hi, independent  of s, 
(13.5) 
-1 
h .  i s ,  of   course,   the   basis   used  in   (13.2) ,   and i s  ca l led   the   canonica l  
bas i s   fo r   t he   shea r .  The parameter   ( ( t - s )  i s  c a l l e d   t h e  amount of  shear 
a t  time t-s.  The equat ion  (13.4) ,   (or  ( 1 3 . 3 ) )  i m p l i e s   t h a t   p ( t - s )  p 
When t h e  h i s t o r y  i s  known t o  be a shea r ,  spec i f i ca t ion  of the canonical  
b a s i s  51, d e n s i t y  p, and the  rea l -va lued  func t ion  c t  wi th  
.e' 
determines,  by (13.5) and   (9 .8) ,   bo th   the   ro ta ted   re f rac t icn   t ensor   Q( t )  
and  the  rotated stress t enso r   s ( t ) .   I ndeed ,   t he   fo l lowing   p ropos i t i on  
i s  a direct  consequence of Coleman's theorem on sheared extensions stated 
in   t he  l a s t  paragraph  of  Section 11.' I f ,  r e l a t i v e  t o  a n  u n d i s t o r t e d  
N 
'Cf. [1968, 11 Thm. 8. Fol lowing  that  ar t ic le ,  w e  here   cons ider   shear ing  
m o t i o n s  r e l a t i v e  t o  a n  a r b i t r a r y  u n d i s t o r t e d  r e f e r e n c e  c o n f i g u r a t i o n ,  and 
the  p ropos i t i on  w e  s ta te  i s  va l id  for  bo th  compress ib le  so l ids  and  
compress ib le   f lu ids .   For   incompress ib le   f lu ids ,   o r  whenever the   p resent  
conf igu ra t ion  i s  undis tor ted  and  the  dens i ty  i s  not  a parameter,  the 
p r o p o s i t i o n  y i e l d s  as c o r o l l a r i e s  Coleman and Noll's reduction theorems 
for  s teady viscometr ic  f lows [1959,  2 , 3 I  and uns teady  l inea l  shear ing  
flows 11961, 11 $5, pp.  694-699. 
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re ference  conf igura t ion  wi th  dens i ty  p, the motion of a n  i s o t r o p i c  
m a t e r i a l  i s  a shear  with canonical  basis h  and  amount  of s h e a r  ( ( t - s ) ,  
f o r  s 2 0, then the matr ices  of the components,  with respect to 21, of 
E ( t )  and g ( t )  have  the  forms  (11.7)  and  (11.8)  with 
-i 
N 
here Yr and I = N,S, a r e   ma te r i a l   func t iona l s   obey ing   t he  
i d e n t i t i e s  
The m a t e r i a l   f u n c t i o n a l s  yI, a+-:i), occu r r ing   he re   a r e  
determined by the   func t iona ls  21, AI, AI i n  (11.9) and (11.10) through 
t h e  r e l a t i o n s  
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where I = N,S and 
t 4" 4- 1 (s) 3 1, i . e .  1 + (' (s) = 1+ 5 (s) f o r  0 <_ s < 00. 
The non-s ingular  tensor  ! of  (13.1) and  (13.2)  has  the  polar 
decomposition 
E = %  (13.11) 
with Q orthogonal and p o s i t i v e   d e f i n i t e  and  symmetric. An elementary 
c a l c u l a t i o n  shows t h a t ,  r e l a t i v e  t o  t h e  c a n o n i c a l  b a s i s  ki, 
N 
r 1 - 5 / 2  O 1  
(13.12) 
and 
It follows from  (13.1)  and  (13.10)  that  in  the  polar  decomposition of  x 
i n t o  t h e  r o t a t i o n  t e n s o r  5 and t h e  r i g h t  s t r e t c h  t e n s o r  1, i . e .  E = RU, 
we have f3 = PQ, and J i s  t he  t enso r  in  (13 .11 )  and  (13.13). I n  p a r t i c u l a r ,  
."N 
(13.14) 
Since Q i s  shown e x p l i c i t l y  i n  ( 1 3 . 1 2 ) ,  when E in (13.1) is  s p e c i f i e d  
N 
N ( t )  and ,S(t)  can be calculated from g(t)  and $(t) ,  i .e.  from (13.7) and 
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(13.8); for ,  by (9.5), 
N 
N ( t )  = ~ ( t > ~ ( t > g ( t >  , -1 S(t) = R(t )$( t )g( t ) - l .   (13 .15)  
.V N N 
For  example, when E = Ay t he  components of z ( t )  w i t h  r e s p e c t  t o  h .  a r e  
-1 
N 12(1-( 2 / 4 )  + (ill-G22)(/2 \ 
N12 = N21 - 




N33 = N33' 
N23 = N32 - N31 = N13 
- = 0,  
1 (13.16) 
where ( = ( ( t ) ,  and  the  numbers N i j  = N .  . ( t )  a r e  g i v e n  i n  ( 1 3 . 7 ) .  O f  cou r se ,  




14. Homogeneous Extension 
a .   Genera l   Descr ip t ion  
I n  t h i s  and the fol lowing two sec t ions  we d i scuss  some g loba l  
motions in which optical  measurements appear feasible for compressible 
i so t ropic  so l ids ’  and  for  which  the  h is tory  of  each  par t ic le  i s  an 
ex tens ion  or  a sheared  extension.  In  each  case we assume that   the   chosen 
r e f e r e n c e  c o n f i g u r a t i o n  i s  u n d i s t o r t e d .  
A homogeneous ex tens ion  i s  a mot ion  for  which  there  ex is t s  a 
f ixed  Car t e s i an  coord ina te  sys t em such  tha t ,  fo r  a l l  t, 
x1 = Xl(t)X1, x2 = X2(t)X2? x = X3(t)X3,  Xi(t) > 0, (14.1) 3 
where x x2, x 3  a r e  t h e  c o o r d i n a t e s  a t  t’ime t o f  t h e  p a r t i c l e  which  has 
the   coord ina tes  X 1, X2, X i n   t he   r e f e rence   conf igu ra t ion .  It i s  c l e a r  
1’ 
3 
tha t ,   in   such  a motion, 1 = x = E ,  = A, and each   pa r t i c l e   xpe r i ences  
the  same h is tory ;   moreover ,   th i s   h i s tory   i s ,   fo r   each  t, an  extension,   in  
the sense of  Sect ion 12, wi th  the  r igh t  and l e f t  p r i n c i p a l  d i r e c t i o n s  of 
s t r e t c h   p a r a l l e l   t o   t h e   c o o r d i n a t e   d i r e c t i o n s .  Hence, by the   reduct ion  
theorem s t a t e d  i n  S e c t i o n  12 ,  each  coord ina te  d i r ec t ion  i s  a l so  a p r i n c i p a l  
ax is  of  stress,  %i,and a p r inc ipa l  ax i s  o f  po la r i za t ion , l c i .  The p r i n c i p a l  
i nd ices  o f  r e f r ac t ion  and p r i n c i p a l  s t r e s s e s  a r e ,  a t  e a c h  i n s t a n t ,  t h e  
same a t  e a c h   p a r t i c l e  and a r e   g i v e n  by (12.5)  and (12 .6) .  The p r i n c i p a l  
s t r e s s e s  ol’ a2’ o and t h e   p r i n c i p a l   s t r e t c h   r a t i o s  x 
a c c e s s i b l e  t o  measurement by mechanical means, and each principal index 
3 1’ X3 a r e  
”~ _ *  ” 
‘Some motions more appropr i a t e  t o  incompress ib l e  f lu ids  a re  d i scussed  in  
Chapter V. 
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o f  r e f r a c t i o n  n i = 1,2,3, may be  determined i f  one  can  measure  the 
a b s o l u t e  r e t a r d a t i o n  o f  p o l a r i z e d  l i g h t  t r a v e l i n g  i n  a coord ina te  
d i r e c t i o n  x .  ( j  # i )  w i t h  t h e  a x i s  o f  p o l a r i z a t i o n  p o i n t i n g  i n  t h e  
d i r e c t i o n  x However, a p p a r a t u s  t o   s imu l t aneous ly   de t e rmine   a l l   o f   t he  
q u a n t i t i e s  o1, 02, 03, nl, n2, n 3   f o r   a r b i t r a r y   h i s t o r i e s  X F, Xi, has 
not  been  devised. Even i f  one   exp lo i t s   t he  symmetry cond i t ions  (12.8) ,  
it does not a t  p resent  appear  feas ib le  to  comple te ly  de te rmine  the  
func t iona l  /N. Be fo re   d i scuss ing   be low  the   l imi t ed   c l a s s   o f   t e s t s  
a c t u a l l y  a t t e m p t e d  f o r  s o l i d  b o d i e s ,  w e  ment ion here  a d i f f i c u l t y  which 
o c c u r s   i n   a l l   a t t e m p t s   t o   s t u d y  homogeneous extensions:  General   motions 
of  the  form (14.1) cannot  b e  achieved by boundary  loads  alone.” Of 
c o u r s e ,  e v e r y  s t a t i c  s ta te  of homogeneous s t r a i n  i s  a poss ib l e  equ i l ib r ium 
configuration, and i t  would  be p o s s i b l e  t o  a c h i e v e  a r b i t r a r y  h i s t o r i e s  
XI, X2, x3 i n  homogeneous ex tens ion  i f  i ne r t i a  cou ld  be  neg lec t ed .  
Expe r imen to r s  be l i eve  tha t  i ne r t i a  can  be neg lec t ed  fo r  a l a r g e  c l a s s  
o f  h i s t o r i e s  c a l l e d  “ q u a s i s t a t i c  h i s t o r i e s ” .  Whether o r   no t  a h i s t o r y  is  
“quas is ta t ic“  depends  on not  only the degree o f  prec is ion  sought  b u t  a l s o  





t t t  
‘See Truesdel l  & No11 [1965, 41 pp.  61-63. It follows,  however,  from a 
resu l t  of Coleman & Truesdel l  [1965, 21, t h a t  a l l  isochoric  motions of  
the form  (14.1)  can be obtained in  incompressible  mater ia ls  through 
a p p l i c a t i o n  of a p p r o p r i a t e  t r a c t i o n s  a t  the bounding surfaces .  
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b. B iax ia l  Stress 
A motion of extension with one of t h e  p r i n c i p a l  stresses zero,  
S aY 
03(7) = 0 (14.2) 
f o r  a l l  T 5 t ,  obeys,  by  (12.6),  the  equation 
(14.3) 
f o r  T 5 t .  Suppose now t h a t  t h i s  e q u a t i o n  c a n  b e  so lved   for  X as  a 3 
func t ion  o f  time, when h and h a r e   g i v e n ,   i . e .   t h a t   t h e r e   e x i s t s  a t t 1 2 
func t iona l  a such  that  (14.3)  implies 
(14.4) 
f o r  T 5 t .  When (14.4)  holds, (12 .5)  and  (12.6)  yield  nl,  n2, ol, o2 as  
func t ions  of t h e  h i s t o r i e s  X. and X t t 1 2: 
(14.5) 
where  the  mater ia l  func t iona ls  AN and As a re  de r ived  from 
through  e l iminat ion of x via  (14.4).  t 3 
In  the  labora tory  one  a t tempts  to  achieve  the  condi t ion  (14 .2)  
by s t r e t c h i n g ,  i n  t h e  d i r e c t i o n s  xl, x2, a t h i n  s h e e t  o f  ma te r i a l  he ld  
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I 
so t h a t   t h e  x - ax i s  is  normal t o   t h e   s h e e t ,  and (5 i s  n e g l i g i b l e .  The 
s t r e t c h e s  X 1, h2, X 3  and the stresses al, o can be measured direct ly .  
Employing a p lane  polar i scope  mounted wi th  i t s  o p t i c  a x i s  p e r p e n d i c u l a r  
t o  the  shee t ,  one  may d e t e r m i n e  t h e  r e l a t i v e  r e t a r d a t i o n  f o r  p o l a r i z e d  
l i g h t  t r a v e l i n g  i n  t h e  d i r e c t i o n  x  and hence  obta in  the  b i re f r ingence  
nl-  n2.  Measurement  (with  an  interferometer) of  t h e   a b s o l u t e   r e t a r d a t i o n  
of  such l i g h t  waves y i e lds   t he   i nd ices  of r e f r a c t i o n  nl  and n T h u s ,  
t he   func t iona l s  a, .&*, and As can be de t e rmined   fo r   t hose   quas i s t a t i c  




2 '  
t 
1' 
c .   Tens i le   Tes ts  
A t e n s i l e  t e s t  i s  a homogeneous ex tens ion  wi th  
a2(s> = a ( T )  = 0 3 
f o r   a l l  T .  By (12 .6) ,   the   s t re tches   then  obey t h e   r e l a t i o n s  
(14 .6)  
(14.7) 
f o r  a l l  T .  I f  we assume tha t ,   f o r   each   h i s to ry  X1, (14.7)  has a s o l u t i o n  
f o r  x2( .c )  and x ( T ) ,  t h e n  t h i s  s o l u t i o n  m u s t  be such  tha t  X ( T )  = h ( T )  
and, therefore ,  can  be w r i t t e n  i n  t h e  form 
T 
3 2 3 
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(14.8) 
Furthermore,  (12.5)  and  (12.6)  then  yield 
1 (14.9) 
where   the   func t iona ls  e N, zN, and e a re   ob ta ined  from 
through  e l imina t ion   of  h and h t t 2 3’ 
S 
Experimentors  seek to  obtain the condi t ion (14.6)  by applying 
an  ax ia l  load  to  the  ends  of a rec tangular  rod  he ld  so t h a t  t h e  x -axis  
i s  normal to   one   f r ee   su r f ace   and   t he  x - a x i s  t o  a n o t h e r .  The ax i s   o f  
the rod t h e n  l i e s  p a r a l l e l  t o  t h e  x - d i r e c t i o n  and the length of  the rod 1 
3 
2 
i s  p r o p o r t i o n a l   t o  h The s t r e t c h e s  hl, 1’ h2, X3 and  the stress cr 
easi ly   measured.  The i nd ices  of r e f r a c t i o n  nl  and n can  be  obtained by 
1 are 
2 
measur ing  the  absolu te  re ta rda t ion  of  po lar ized  l igh t  propagat ing  in  the  
x -d i rec t ion  (wi th  the  ampl i tude  vec tor  po in t ing  in  x - and x - d i r e c t i o n s ) .  
Thus, t h e   f u n c t i o n a l s  
h i s t o r i e s  X . 
3 1 2 
e N J  Y N ’  S and e can b e  de t e rmined   fo r   quas i s t a t i c  
t 
15.  Recti l inear  Sheared  Extensions 
The d iscuss ion  of  the  prev ious  sec t ion  can  be  genera l ized  
w i t h o u t  g r e a t  d i f f i c u l t y .  A motion  for  which  there  ex is t s  a f ixed  
Car t e s i an  coord ina te  sys t em in  which, a t  a l l  times t, 
I 
can  be  ca l led  a rec t i l inear  sheared  ex tens ion . '  The Cartesian components 





ax, ax, ax, ax2 
0 
- 0 ,  
0 0 -  
ax3- 
(15.2) 
and t h e  h i s t o r y  of e a c h  p a r t i c l e  is, t he re fo re ,  a sheared extension with 
the  canonica l  bas i s  ki equai  to  the natural  basis  of  the Cartesian system, 
with x in  (11.1)  equal  to  A, and with 
c = - -  
axl , B , = -  ax, , B 2 = -  ax2 Y B3 - 
- 5 , (15.3) 
or ,  by (11.5), 
Hence, by the reduct ion theorem s ta ted  i n  S e c t i o n  11, a t  each par t ic le  
the  components of E ( t )  and g ( t )  r e l a t i v e  t o  h .  are given by the  equat ions  
(11.7)-(11.11). It is  n o t  d i f f i c u l t  t o  see t h a t ,   w i t h   r e s p e c t   t o  hi, 
N N -1 
N ( t )  and g ( t )  h e r e  h a v e  matrices s i m i l a r   t o   t h o s e   g i v e n   f o r   i ( t )  and $ ( t )  
~~ ~ ~~ 
'Coleman 11968, 11,pp.  471-472,  has  derived,  for  such  motions,  reduced forms 






k ( t ) l  = 
and,  furthermore, 
(15.6) 
a 3 ( t )  = S ( t )  = ( t ) .   (15 .7)  33 33 
Since the proper  numbers n of E equal  the  proper numbers of 3, and  the 
proper numbers 0 of 5 equal  the  proper numbers of 5, it follows from 




2nl = N l l  + i22 + /( i l l-  N22) f 4N12 , N - 2 -2 
(15.8) 
N - 2  -2 1 
2n 2 = Nl l  + gZ2 - ](ill -NZ2) + 4N12 
i f  the  proper   vectors  of E a re   l abe led  s o  that' n > n The b i r e f r ingence  
fo r   l i gh t   p ropaga t ing   i n   t he   d i r ec t ion  x i s  
1 - 2 '  
3 
(15.9) 
with i N 11' N22.' and N12 given by (11.9). O f  course,   analogous  expressions 
N 
h o l d  f o r  t h e  p r i n c i p a l  stresses o1 and 0 2' 
Continuing t o  denote  the pr incipal  axes  of stress and r e f r a c t i o n  
by k. and L, respec t ive ly ,  w e  observe   tha t  k and s bo th   po in t   i n   t he  
-1 -3 -3 
d i rec t ion   o f   t he   coo rd ina te   ax i s  x while  kl, lc2, 21,. .s2 3' a l l  l i e  i n  a 
p l ane   pa ra l l e l   t o   t he   (x l , x2 ) -p l ane .  When t h e  l o c a l  h i s t o r y  d o e s  n o t  
~- _ii . "" ~" . ~~. -. . . ~. - . ~ . 
'One does not always u s e  t h i s  l a b e l i n g .  
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reduce  to   pure   ex tens ion ,   there  i s  no reason   to   suppose   tha t  k = s f o r  
i = 1,2.# L e t  X be  the  angle  lcl makes wi th  the  x l - ax i s .  Then 
-i -i 
2N12 ( t )  
t a n   2 ~ ( t )  = 
Nll  ( t )  - NZ2(t)  ' (15.10) 
From (7 12) , 
and i s  determined by (15.2)  through  the  general   equations ( 7 . 3 ) ,  ( 7 . 4 ) .  
Hence the  proper   vectors  k k are  determined by the  motion and the 
ma te r i a l   func t iona l s   i n   (11 .9 ) ,   bu t   t he   r e su l t i ng   expres s ions   a r e   t oo  
cumbersome to  g ive  here .  
-1, -2 
A sheared extension with 
f o r  a l l  7 5 t ,  obeys,  by  (15.7)  and ( l l . l O ) ,  t h e  r e l a t i o n  
(15.12) 
(15.13) 
f o r  T 5 t .  Let u s  assume t h a t  (15.13)  has a s o l u t i o n  i n  t h e  s e n s e  t h a t  
~~ ~ ~ ~ ~~~ -~ -~ ~~ 
'Indeed, i t  can  be  eas i ly  shown tha t  i n  the  theo ry  of l i n e a r  v i s c o e l a s t i c  
ma te r i a l s  t he  p r inc ipa l  axes  of stress and r e f r a c t i o n  need not coincide 
in   sheared  extensions.  The tes ts  of  Fowlkes,  reported by D i l l  and  Fowlkes 
[1966, 11 and  Fowlkes h969 ,  11, demonstrated a case f o r  which t h e  
pr inc ipa l  axes  of stress, p r i n c i p a l  d i r e c t i o n s  of s t r e t c h ,  and the  
p r inc ipa l  axes  o f  r e f r ac t ion  a re  a l l  d i s t i n c t .  
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where   the   mater ia l   func t iona ls  f i ,  A,, 1,' is, As are   der ived  from 
2 N J  ,&Ny ANY B~~ ks th rough  e l imina t ion   of  7' 3' 
One  may a t t e m p t  t o  gene ra t e  r ec t i l i nea r  shea red  ex tens ions  
obeying  (15.12)  by  deforming a th in  shee t  he ld  s o  tha t  the  shee t  remains  
i n  a plane normal t o  the x - ax i s  and  no e x t e r n a l  t r a c t i o n s  a r e  e x e r t e d  o n  
the  sheet   except  a t  the  edges  where i t  i s  gr ipped.   I f   the   sheet  i s  t h i n  
enough t h a t  2 i s  independent of  x then   the   condi t ion   about   ex te rna l  3' 
t r a c t i o n s  y i e l d s  
3 
S13 = S Z 3  - s33 = 0 ,  
a t  a l l  values   of  x and x away from  the  edges,   in   accord  with  (15.6)  and 
(15.12). Of course it may not  be easy to  insure that  the motion corresponds 
t o  a non- t r iv ia l  shear  superposed  on a simple  extension, i .e.  t h a t  t h e  
equations  (15.1)  hold  with ax,/aX, # 0. Through use of a p p r o p r i a t e  g r i p s  
1 2 
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and s u f f i c i e n t l y  slow loadings, one may be  ab le  to  achieve ,  a t  least  near  
t h e  c e n t e r  of the  shee t ,  a homogeneous, r ec t i l i nea r  shea red  ex tens ion ,  
i . e .  a motion of the form 
If one rules  a r ec t angu la r  g r id  on  the  su r face  o f  t he  shee t  be fo re  
deformation, study of photographs of the grid taken during a motion w i l l  
indicate whether the motion i s  a c t u a l l y  o f  t h e  form  (15.17) i n  some 
region and, i f  so,  w i l l  y i e ld   t he   va lues   o f  5 1, B,, B,, and B If the  
shee t  is viewed through a p lane  polar i scope  wi th  i t s  o p t i c  a x i s  i n  t h e  
x3 -d i r ec t ion ,  t hen  obse rva t ion  o f  t he  i soc l in i c  l i nes  w i l l  y i e l d  t h e  
angle  X given by  (15 . l o )  and  (15.15).  Indeed, when the  po la r i z ing  axes  
of  the polar iscope are  s o  o r i e n t e d  t h a t  a given point  i s  on  an i s o c l i n i c  
l ine ,  then  X a t  t ha t  po in t  equa l s  t he  sma l l e s t  o f  t he  ang le s  wh ich  the  
a x i s  of the  analyzer  makes wi th   the   coord ina te   axes ,  xl, x2.  Study  of 
the  i sochromat ic  f r inge  pa t te rn  y ie lds  the  b i re f r ingence  g iven  by  (15.9)  
and (15.15). The ind iv idua l   i nd ices   o f   r e f r ac t ion   i n  (15.8) can  be 
obta ined  wi th  an  in te r fe rometer .  
3' 
16.  Extension,  Torsion, and I n f l a t i o n  of a Tube 
Let u s  now suppose  tha t  in  i t s  u n d i s t o r t e d  r e f e r e n c e  c o n f i g u r a t i o n  
the body under  consideration  has  the  form of a hol low  c i rcular   tube.  We 
employ a f ixed  cy l indr ica l  coord ina te  sys tem wi th  the  z -ax is  a long  the  
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i' 
common axis   of   the   cyl inders   bounding  the  tube.  The coordinates   of  a 
p a r t i c l e  i n  t h e  r e f e r e n c e  c o n f i g u r a t i o n  a r e  w r i t t e n  Z,  8 ,  R, and i f ,  f o r  
a l l  t, the  p re sen t  coord ina te s  z ,  8, r a re  g iven  by an expression of  the 
form 
then we say  tha t  the  mot ion  of  the  t u b e  i s  a simultaneous extension, 
t o r s i o n ,   i n f l a t i o n .   I n   s u c h  a motion  the body  remains a c i r c u l a r  
t u b e  a t  a l l  times. With  each  par t ic le  X w e  can associate  the or thonormal  
b a s i s  of u n i t   v e c t o r s  zzJ zO, e po in t ing   a long   t he   coord ina te   axes   a t  
the   p lace  2 ,  0, R occupied  by X i n   t he   r e f e rence   conf igu ra t ion .   C lea r ly ,  
t he   bas i s  zzJ e a l b e i t  i t  v a r i e s  from p a r t i c l e   t o   p a r t i c l e ,   i s  
c o n s t a n t  i n  t i m e  in   each  motion.  An e lementary   ca lcu la t ion  shows t h a t  i f  
the motion obeys (16.1) for a l l  t, then  a t  each  in s t an t  t he  ma t r ix  o f  t he  
-RJ 
"R 
components  of r e l a t i v e  
[GI = " r2 R aZ 
1 0 
(16.2) 
Comparing (16.2)  with  (11.4), we s e e  t h a t ,  i n  a simultaneous  extension, 
t o r s ion ,  and i n f l a t i o n  o f  a t ube ,  t he  h i s to ry  o f  each  pa r t i c l e  i s  a 
sheared extension with 
5 9  
i .e .  wi th  
and with zz, so, e a canonical   basis .   Thus, ,   in   such a motion, a t  
each  time t, t h e  components of N_(t) and S-(t), wi th  respect t o  gz, G, e 




Opt ical  experiments  can be done w i t h  l i g h t  d i r e c t e d  r a d i a l l y  
through  the  wall  of  the  tube.  Since,  however,  the  functions 5 and Yt i 
here  depend  on r, t h e  b i r e f r i n g e n c e  f o r  l i g h t  t r a v e l i n g  i n  t h e  r a d i a l  
d i r e c t i o n ,  
t 
= n , ( t>  - n 2 ( t ) ,  
a l s o  depends  on r, and t h e r e  is no s i m p l e  r e l a t i o n  between A(t) and the 
observed   re la t ive   re ta rda t ion .   Never the less ,   exper imenters  assume, with 
some j u s t i f i c a t i o n ,  t h a t  i f  t h e  t u b e  i s  s u f f i c i e n t l y  t h i n ,  t h e  c h a n g e  i n  
the  deformat ion  gradien t  wi th  rad ius  can  be neglected,  and t h e  r e l a t i o n  
(1 .2 )  can  be  mployed. When such i s   t he   ca se ,   t he  t e s t  of a th in   wal led  
tube  in  a motion of  t h e  form (16.1) provides a  means of  s tudying sheared 
extension and, of course,  in the absence of  t o r s i o n ,  a n  a l t e r n a t i v e  t o  
the  s t r e t ch  o f  a th in  shee t ,  descr ibed  in  Sec t ion  14b .  
6 0  
V. PARTICULAR  MOTIONS  OF  INCOMPRESSIBLE J?LUIDS 
17. Properties of Incompressible  Materials 
a. General Relations 
The  motions of incompressible  materials  are  subject  to  the 
kinematical  constraint p = const.,  which, when the reference  configuration 
is  sensibly  chosen,  reduces to 
Furthermore, the stress at a  point  in  an  incompressible  material is 
+ 
determined  by  the  history EL only to within an arbitrary  hydrostatic 
pressure;  that  is,  for such  materials,  the  deviator S(t), defined by D- 
def s =  1 D- 5 - p g)A, (17.2) 
is  a  function of E , but g(t) is not. The local  history x does 
determine  the  refraction  tensor E(t) completely,  but in this  section  we 
are  more  interested in the  deviator of E: 
t  t 
def 1 $ - N - $tr !)L. (17.3) 
Of course, if E(t) is a  function  of E , then so a l s o  is &(t). Thus,  for 




b.  Incompressible   Fluids  
The argument  which  gave u s  (10.2) t e l l s  us  tha t  fo r  an  
incompress ib le  f lu id  the  re la t ions  (17 .4)  can ,  be  wr i t ten  
(17.5) 
C i s  t h e  h i s t o r y  o f  t h e  r i g h t  Cauchy-Green t e n s o r  r e l a t i v e  t o  t h e  t 
-t 
p re sen t  conf igu ra t ion  and may be  ca l cu la t ed  a s  shown i n  (10 .3 ) - (10 .5 ) ,  
The condi t ion  tha t  the  mot ion  b e  i sochor i c  i m p l i e s  t h a t  
S ince   the   func t iona ls  5 and D6 are   i so t rop ic ,   i ncompress ib l e   f l u ids   obey  
the fol lowing analogue of (10.8): 
D 
ct - ) s t 2  t -1 => $ ( t )  -+CJDbl(t)S -1 and S( t )   +g$( t )S- ' .   (17 .7)  
-t D- 
Indeed, a f l u i d  i s  an i so t rop ic  ma te r i a l  w i th  the  p rope r ty  tha t  eve ry  
conf igu ra t ion  of  i t  is  und i s to r t ed .  The en t i re   theory   o f   Chapter  IY 
a p p l i e s  t o  f l u i d s ,  and,  moreover, f o r  a f lu id  one  may choose  the  undis- 
t o r t e d  r e f e r e n c e  c o n f i g u r a t i o n  8 to  be  the  present  conf igura t ion ,  i. e .  
the   conf igura t ion   a t   t ime t, a s  we have  done in   (17.5) .   This   choice  of  
r e f e r e n c e  c o n f i g u r a t i o n  y i e l d s  i ( t )  = l ( t )  and $ ( t )  = s ( t )  and r e s u l t s  i n  
a s i m p l i f i c a t i o n  of the theory of Chapter I V .  
We note   that ,   for   an  incompressible   f luid,   (10.9)  becomes 
Ct  = L' => ?X(t) = no&  and z ( t )  = -p& -t (17.8) 
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wi th  no  a p o s i t i v e  m a t e r i a l  c o n s t a n t  and p  a  number to  be determined by 
the  dynamical  equations and boundary  data.  A s  a t r i v i a l  consequence  of 
(17.8) we have 
Ct = it ==> N(t)  = $( t )  = 2. “t (17.9) D- 
The reduced const i tut ive equat ions which descr ibe the behavior  
o f  i ncompress ib l e  f lu ids  in  shea r s ,  ex t ens ions ,  and  sheared  extensions, 
are given below. 
18. Isochoric  Sheared  Extension 
Suppose  tha t ,  a t  a pa r t i cu la r  t ime  t a t  a p a r t i c l e  X of a f l u i d ,  
there   ex is t s   an   o r thonormal   bas i s  h r e l a t i v e  t o  which  the  components  of 
t h e  r i g h t  r e l a t i v e  Cauchy-Green tensor  C ( t - s )  have  the form 
-i 
-t 
2 I., ( t  - s  ) 
k t ( t - s ) 1  = 5 ( t - s )  I o  
= 1, Yi( t - s )  > 0 I 
f o r  a l l  s >_ 0. When such is  the  case  w e  s a y  t h a t  t h e  h i s t o r y  of X up  t o  
t i m e  t i s  an  i sochor ic  sheared  ex tens ion  w i t h  canonica l  bas i s  hi. 
The arguments  which yield the theorem stated in  Sect ion 11 
y i e l d  a l s o  t h e  f o l l o w i n g  remark: I f  t h e  h i s t o r y  up to  t ime t of  an 
6 3  
incompress ib le  f lu id  i s  an  i sochor ic  sheared  ex tens ion  wi th  canonica l  
b a s i s  ki, then  the  mat r ices  of the components ,  re la t ive to  ki, o f  E ( t )  
and ? ( t )  have the forms 
(18.2)  
l o  
( 1 8 . 4 )  
with 
P ( s )  = E(t -s ) ,  
Yi(S) t = y i ( t - s ) ,  i = 1,2 .  (18.5) 
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The c o n s t i t u t i v e  f u n c t i o n a l s  ( I  = N,S) are independent of 
t h e  b a s i s  h., are  de te rmined  by  the  func t iona ls  ?Jl and Dg i n  (17.5),  and 
&I, 41 - - 
N 
D 
obey the  re la t ions ,  
(18.6) 
f o r  a l l  f u n c t i o n s  E", Yi, -)'; i n  t h e i r  domain. -1. J- ." 
Employing  (18.2) t o   c a l c u l a t e   t h e   p r o p e r  nclmbers n of FJ(t), we i 
f ind  tha t  t he  b i r e f r ingence  A f o r  l i g h t  t r a v e l i n g  i n  t h e  d i r e c t i o n  h i s  -3 
i f  the   proper   vectors  of  E a re   l abe led   such   t ha t  n > n .' It follows 
from  (18.2) t ha t   t he   p r inc ipa l   axes  of r e f r ac t ion   a s soc ia t ed   w i th  n  and 
n i . e .  k and lc2, l i e  i n   t h e  same p lane   a s   t he   vec to r s  h and h2. 
Furthermore, i f  w e  l e t  X be the angle  from h1 t o  k1, then 
1 -  2 
1 
2' -1  -1 
= ~ -  . : ~" 
'In Sec t ions  20 and  21 w e  employ a d i f f e r e n t ,  and somewhat more e l abora t e ,  
convent ion   for   d i s t inguish ing  k from k2. (See  the  paragraph  containing 
eqs.   (20.6)-(20.8) . )   In   the  system  of   label ing  of   those  sect ions,  i t  i s  
poss ib le   to   have  n less than n 
-1 
1 2'  
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19.   Isochoric   Extension 
Suppose the motion of an incompressible fluid is  such  tha t  a t  
X a t  time t t h e r e  is  an  or thonormal   basis  u r e l a t i v e  t o  which -i 
x, ( t -s)X,( t -s)X3(t-s)  = 1, X p - s )  > 0, \ 
f o r  a l l  s 2 0. In  t h i s  c a s e  w e  s ay  tha t  t he  h i s to ry  of X u p  t o  t i s  an 
isochoric  extension,  and we no te  tha t ,  fo r  each  s 2 0, each vector  u 
(i = 1,2,3) is a r i g h t  p r i n c i p a l  d i r e c t i o n  of s t r e t c h  f o r  t h e  c o n f i g u r a t i o n  
-i 
a t  time t-s wi th  the  conf igura t ion  a t  time t taken  as  re ference .  
Furthermore,  the arguments  which yield the theorem stated in  Sect ion 1 2  
h e r e  t e l l  u s  t h a t ,  a t  t i m e  t ,  each  of  the basis v e c t o r s  u i s  a l so  a 
p r i n c i p a l  a x i s  o f  r e f r a c t i o n  k and a p r i n c i p a l  a x i s  of  s t r e s s  zi; f o r  
-i 
-i 
each  incompress ib le  f lu id  there  a re  two sca l a r -va lued  func t iona l s  
- - 
#s such  tha t  
where n i ( t )  and 0 .  (t)  a r e ,  r e s p e c t i v e l y ,  t h e  p r i n c i p a l  i n d e x  o f  r e f r a c t i o n  
and t h e   p r i n c i p a l  stress, a t  time t, a s s o c i a t e d   w i t h   t h e   a x i s  u = k = 
1 
-i -i 2i. 
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t h a t  i s ,  
X,(t-s) G X ( t - s )  => n ( t )  = n ( t )  and  ol( t )  = cr2(t). (19.5) 2 1 2 
The f u n c t i o n a l  s are  determined by the   func t iona l s  / and = I  
<I i n  (18.4) t h rough  the  r e l a t ions  
20. Shearing Flows 
A s h e a r i n g  flow or  "general ized viscometr ic  f low" i s  one f o r  
wh ich  the re  ex i s t s ,  a t  each  pa r t i c l e  X and time t, an or thonormal  basis  
hi, r e l a t i v e  t o  which 
k t ( t - s )  3 = (20.1) 
f o r  a l l  s 2 0. It follows from t h e  r e s u l t s  g i v e n  i n  S e c t i o n  18, t h a t ,  # 
'See a l s o  Coleman & No11 11961, 11 $5;  Truesdel l  & No11 [1965, 41 $106. 
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i n  a shear ing f low of an incompressible  f luid,  the components ,  re la t ive 
(20.2) 
a re   even   func t ions ;   tha t  is, for   each   rea l -va lued   func t ion  c "  on [O,m), 
Furthermore,  (17.9)  yields 
(20.3) 
I = N,S, i = 1,2 .  
I = N,S. (20 .4)  
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t 
It i s  obvious that  the m a t e r i a l  f u n c t i o n a l s  i n  S e c t i o n  18 
YI and determine through the  re la t ions  - 
(20.5) 
Let u s  index the proper vectors of E so that  the counterclockwise # 
angle  X from b1 t o  lcl s a t i s f i e s  t h e  r e l a t i o n  0 5 X < n/2. Then X i s  
determined by t h e   r e l a t i o n  
- N22 c o t  2 x  = 
2N12 
? 
and the  b i r e f r ingence  i s  g iven  by 
( 2 0 . 6 )  
= n - n = k,,/(Nll-  N22)L + 4Nf2 = ( N 1 1 - N 2 2 ) ~ ~ ~  2X + 2N12sin 2 x .  ( 2 0 . 7 )  1 2  
Employing (20.2), we f i n d   t h a t  
1 (20.8) 
It follows from (20 .3 )  and (20 .8 )  t h a t  A and X- -  a r e  odd func t ions  of  st; 




'Throughout t h i s  r e p o r t ,  when w e  s ay  tha t  an  ang le  in  the  (k k ) -p lane  
is measured  "counterclockwise" or  "clockwise", i t  i s  t o  be taken for 
g r a n t e d  t h a t  t h e  p l a n e  i s  viewed  from the side toward which k po in t s .  
-1 , -2 
-3 
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We see n o  r e a s o n  t o  b e l i e v e  t h a t  t h e  r a t i o  p i 1 )  ( c t ) / y N ( c t )  
e q u a l s  t h e  r a t i o  w ( l ) ( ( t ) / ~ s ( ( t )  f o r  e a c h  h i s t o r y  c t  o f  a n  a r b i t r a r y  
incompressible   f luid.   That  is, i n  s p i t e  of  occas iona l   c l a ims   t o   t he  
cont ra ry ,  there  does  not  appear  to  b e  a general,  sound, symmetry 
a rgument   ind ica t ing   tha t   he   p r inc ipa l   axes   o f  stress s s are p a r a l l e l  
t o  t he  p r inc ipa l  axes  o f  r e f r ac t ion  lcl, k i n  a l l  shear ing  f lows  of  a l l  
incompress ib le   f lu ids .  
- - 
= s  - 
-1' -2 
-2 
A viscometr ic  flo w# i s  a shear ing f low for  which the funct ion 
5 i n  (20.1)  has  the  simple  form 
( ( t - s )  = -ICs, o s s < m ,  (20.9) 
with IC a number c a l l e d  t h e  r a t e  o f  s h e a r i n g .  L e t  us  d e f i n e  s i x  f u n c t i o n s ,  
of   the   ra te   of   shear ing,  TN, ON , ON ('1 (2) and 7 S' OS ' Os (') (2 ) ,  by t h e   r e l a t i o n s  
m ,.\ 
Here, by yI's=o s =o - YI -ICs) and &') ( - K s )  we mean the  va lues  of  the  func t iona ls  
t 
- 
and r&F:i) L t  the   func t ion  f t  def ined by 5 (s)  - K S .  The func t ions  5 and - I 
o:~),  mapping t h e  r e a l  numbers i n t o  t h e  real numbers, are m a t e r i a l  
'The d e f i n i t i o n  o f  a "viscometric flow" ernployed he re  i s  t h a t  o f  Coleman 
[1962, 11; T r u e s d e l l  & No11 [1965, 41 c a l l  such  motions  "steady  visco- 
metric  f1owsT1. Coleman, Markovitz, & No11 [1966, 11 give a d e t a i l e d  
expos i t ion  of  the  theory  of  these  f lows  and  of  modern experiments i n  
viscometry. 
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functions,  determined by the  fluid  under consideration.’  It is clear 
from ( 2 0 . 8 )  that  in  a  viscometric  flow 
A s  in  the  case  of  general  shearing  flows,  there is no  argument  of  symmetry 
implying  coincidence of s and lei, for  i = 1  and 2, in  viscometric  flows 
of arbitrary  incompressible  fluids. 
-i 
The  relations ( 2 0 . 3 )  and ( 2 0 . 4 )  yield i# 
for I = N,S and i = 1 , 2 .  The  remark  made  after ( 2 0 . 8 )  here  implies  that 
A and X- - are  odd  functions  of K .T[ 4 
~ .. .. ~~ . . - - . . . 
‘The function 0‘‘) does not equal  the  function 0 introduced by Coieman ti S 1 
No11 [1959, 2&31 and  subsequently  employed  in  several  works, e.g. 
11961,  11  [1962, 21 11965, 41 11966, 1 1 .  Our  present T s, cr;”, and u (2 1 
are  related  as  follows  to  the  viscometric  functions T ,  ol, and 0 
discussed  in  the  cited  references: 
S 
2 
T (K)  = T ( K ) ,  S OS ( I ) ( K )  = 02(IC) - O1(K), O i 2 ) ( I C )  = 0 2 ( K ) .  
#Cf. Coleman & No11 [1959, 21.  
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21.  Couette 3 
Of the  var ious  shear ing  f lows  tha t  can  be  obta ined  in  the  
laboratory,  Couette flow i s  the one most widely used for studying induced 
b i r e f r ingence .   Th i s   f l ow  l ends   i t s e l f   r ead i ly   t o   t he   de t e rmina t ion  of  
the   mater ia l   func t iona ls   and  eN i n  ( 2 0 . 2 ) .  I" - 
a. General  Theory 
In a Couet te  f low the  ve loc i ty  f ie ld  has  the  cont ravar ian t  
components, 
i- = 0, 8 = w ( r , t ) ,  i = 0, (21.1) 
i n  a cy l indr ica l   coord ina te   sys tem r, 8, z ,  and t h e  f l u i d  i s  contained 
between two c o a x i a l   c y l i n d e r s ,   l o c a t e d  a t  r = R and r = R which r o t a t e  
about  the i r  common a x i s  ( r  = 0) wi th  angu la r  ve loc i t i e s  6b ( t )  and 66 ( t ) .  
1 2' 
1 2 
It is  easy  to  show t h a t  any  motion  obeying  (21.1) i s  a shea r ing  
flow with 
t -s  a 
5 ( t - s )  = $ u(r,T)dT = Ct(s) ,  0 5 s < m. (21.2) 
t 
Moreover, i n  such  a f low,  for  each  par t ic le  X and  time t, 
-1 -r ' h = e  -3 -2' h = e  (21.3) 
where zr, 28, i s  the   o r thonormal   bas i s   o f   un i t   vec tors   po in t ing   a long  
the  coord ina te  d i r ec t ions  r, 8, z ,  a t  the  poin t  occupied  by X a t  t i m e  t. 
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Thus,  (20.2)  here becomes the  a s se r t ion  tha t  t he  phys ica l  components  of 
\ 
1 
N(t)  and s ( t )  i n  t h e  c o o r d i n a t e  s y s t e m  r, 8, z ( i . e .  t h e  components  of 




S r z ( t )  = S&) = 0. / 
It fol lows from (21 .5 j  t ha t  i n  a Couette  flow  of  an  incompressible 
f lu id  the  dynamica l  equat ions  reduce  to  the  sca la r  func t iona l -d i f fe ren t ia l  
equat ion  
wi th  5 given by (21.2).  One  may presume t h a t   s o l u t i o n  of  (21.6)  with 
a p p r o p r i a t e  i n i t i a l  d a t a  and the adherence condi t ions,  
t 
uniquely  de te rmines  the  angular  ve loc i ty  u) as  a function of r and t ,  b u t  
73 
a gene ra l  t heo ry  to  th i s  e f f ec t ,  va l id  fo r  non- l inea r  func t iona l s  
and  non-steady  motions, is  lacking.  
I f  t h e  r e l a t i v e  gap  (R2-R1)/R1 i s  very  small   and  Q,(t) ,   Q2(t) ,  
Q ( t ) ,  and Q ( t )  a r e  s m a l l  f o r  a l l  t, one expec t s  t ha t  LU should  be  such 1 2 aco t h a t  t h e  r a t e  of shear ,  r s  , i s  independent of r and given,   to  a high 
degree of accuracy, by t h e  f i r s t  term on the right in the formula 
which yields, 
Q(T)dT + 0 ( - 4 ,  
2 - " 1  J 




Q = Q2 - Q1. (21. 10) 
Thus, when the term  O((R2-R1)/R1) i n  (21.8)  can be neg lec t ed ,  i . e .  when 
the  "small  gap  approximation" i s  v a l i d ,  t h e  h i s t o r y  C t  i s  independent  of 
r a t  each t ime t, and s o  a l s o  a r e  a l l  t h e  t e r m s  i n  (21.4) and  (21.5),  as 
wel l  as  the  pr inc ipa l  axes  of  re f rac t ion  k .  and the  pr inc ipa l  axes  o f  
s t r e s s  s . 
-1 
-i 
Optical  measurements on Couette flow are usually performed 
with a plane polar iscope mounted with i t s  a x i s  p a r a l l e l  t o  t h e  a x i s  of  
the  bounding  cylinders.  Thus t h e   l i g h t   t r a v e l s   p e r p e n d i c u l a r   t o   t h e  
planes z = cons t . ;  t hese  p l anes  con ta in  the  c i r cu la r  s t r eaml ines ,  two of 
the  axes of s t r e s s  (z , , ,~ , ) ,  and two of   the   axes   o f   re f rac t ion  (k k ). -1 -2 
The o b s e r v e d  i s o c l i n i c  l i n e s  a r e  t h e  l o c u s  of p o i n t s  a t  which  k o r  k -1 -2 
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i s  p a r a l l e l  t o  a p o l a r i z i n g  ax is  of the  ana lyzer .  When (21.8)  holds, k1 
and k are   independent  of r, and as  one sees i n  F i g u r e  21.1,   each  isocline 
i s  a s t r a i g h t  r a d i a l  l i n e .  I n d e e d ,  i n  t h ' i s  case, a t  each  in s t an t  t t h e  
i soc l ines  form a c ros s  ( ca l l ed  the  l l c ros s  of i s o c l i n e " )  whose  two branches 
obey equations of t h e  form 
-2 
wi th  8 measured counterclockwise from the direction of the polarizing 
ax i s  o f  t he  po la r i ze r .  X i s  c a l l e d  t h e  e x t i n c t i o n  a n g l e  and may be 
def ined  to  be  the  c lockwise  angle  from t h e  a x i s  of t h e  p o l a r i z e r  t o  t h a t  
arm of  the  cross  which i s  n e a r e s t  t o  i t .  In  view  of  Figure  21.1,  however, 
X i s  a l so  the  counterc lockwise  angle  from e t o  lcl and, by (21.3), X he re  
has   the  same meaning  as i n   t h e   p r e v i o u s   s e c t i o n .  Thus, the   equat ions  
(20.6)-(20.8)  yield 
-r 
I f  t h e  p o l a r i s c o p e  is  employed to  measure  the  re la t ive  
r e t a rda t ion  o f  po la r i zed  l i gh t  pas s ing  th rough  the  f lu id  in  the  z -d i r ec t ion ,  
then  the  b i re f r ingence  obta ined  is  given by the formula 
A = n1 - n2 = ? d ( N r r  - Nee)L i- 4Nte 




F i g .  2 I .  I Geometry of the Cross of Isocline 
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In  p rac t i ce  the  Coue t t e  appa ra tus  must be of f i n i t e  l e n g t h ,  and the flow 
(21.1)  cannot  be maintained near  the ends.  Thus there  are  diff icul t ies  
i n  de t e rmin ing  the  l eng th  4 t o  be used i n  (1 .7)  for  ca lcu la t ing  A, bu t  
since experimenters have found ways of overcoming analogous problems in 
v i scomet ry , '  t hese  d i f f i cu l t i e s  do not  appear  insuperable .  
Since 
i t  i s  e v i d e n t  from (21.12)  and  (21.14)  that when the  dimensions of the  
apparatus  and the speeds of  rotat ion of the bounding cylinders are such 
that   the   "small  gap approximation" of  (21.8) and (21.9) i s   v a l i d ,  
measurement of bo th  the  ex t inc t ion  ang le  X( t )  and the birefr ingence# A(t)  
for a h i s t o r y  Qt of sh, i . e .  
d ( s )  = Q ( t - s ) ,  o < _ s < m ,  (21.15) 
pe rmi t s   ca l cu la t ion  of (Ct)  and w ( 5  ) from t h e   r e l a t i o n s  t fi z N  
(21.16) 
S t  i s  here   g iven  by (21.9).  Thus, one  can, in   p r inc ip le ,   de te rmine   the  
func t iona l s  and T&') experimental ly .  
&J 
'See, f o r  example,  the  survey  [1966, 11 .  
#Of course,   intensity  measurements  and  eq.  (1.8) y i e l d  o n l y  / A I .  
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b. Osc i l l a to ry   Coue t t e  Flow 
I f  (0 i n  (21.1) i s  s u c h  t h a t  t h e r e  e x i s t s  a number 7 > 0 fo r  
which 
u ( r ,  t+T) = w(r,   t) ,   (21.17)
f o r  a l l  r i n  [ R  , R  1 and a l l  t > -m, and i f  T i s  the  sma l l e s t  pos i t i ve  
number for  which  th i s  i s  the case,  then we say that  the Couet te  f low 
1 2  
osc i l la tes  symmetr ica l ly  wi th  per iod  T .  
It i s  c l e a r  from (21.2)  that   (21.17)  yields 
But ,  i n  view  of  (21.4),   (21.5),   and  the  identit ies  (20.3),   the  equations 
(21.18)  yield 
and s i m i l a r  r e l a t i o n s  € o r  t h e  components  of 5.' It follows from the 
remark made a f t e r  (20 .8) ,  that   the  equations  (21.18)  imply 
X( t+  T/2) = 2 - X(t) ,  ?l A ( t +  T/2) = -A(t), I (21.20) X ( t +  = X(t) ,  A ( t +  7 )  = A(t ) .  
'Vid. Coleman & No11 [1961, 11 pp.  698 ,  699 .  
78  
L 
Thus, A and X are he re  pe r iod ic  func t ions  o f  time w i t h  per iod T;  
fu r thermore ,  in  F igure  21.1, a n  i s o c l i n e  which l i es  on t h e  
l i n e   a t  t i m e  t w i l l  be   on   t he   l i ne  a t  t i m e  t +  ~ / 2 .  
c. Steady  Couet te  Flow 
I f   (21 .1)   t akes   the  form 
I? = 0, 6 = w(r) ,  i = o  (21.21) 
with (u independent of  t f o r  a l l  t ,  then  the  motion i s  c a l l e d  a s teady  
Couette u. Of course ,   in   such  a flow, 66 Q2, and  hence 66 = 66 
m u s t  be  he ld  cons t an t  fo r  a l l  t. 
1 ' 1- sd2.' 
Here the   equat ion   (21 .2)   reduces   to  
( ' ( s )  = - K s ,  G I s < m ,  
whe re 
K r dw(r) d r  * 
(21.22) 
(21.23) 
Since  the  equation  (21.22) i s  the  same as the  equat ion  (20.9) ,   each  s teady 
Couette f l o w  is  a v iscometr ic  f low wi th  a r a t e  o f  s h e a r  K t h a t  i s  a 
func t ion   o f  r .  It fol lows from  (21.8)  that 
K =  R1 a +  . 
R2 - R1 
(21.24) 
Thus, i n  t h e  "small gap  approximation", K i s  independent of r.  
7 9  
The equations  (21.4) arid (21.5)  here become 
(21.25) 
(21.26)# 
with  a l l   terms  independent  of t. The equat ions (21.12)  and (21.14) take 
the  forms shown i n  (20. l l ) ,  whi le  (21 .16)  reduces  to  
(21 .27 )  
IIence, i f  one measures both A and x as  func t ions  of IC, one can c a l c u l a t e  
Lhe funct ions T and o i l ) .  We see no reason  to   expect  0"' t o  be 
p ropor t iona l  t o  0 
N N 
(1) ## 
s -  
'The equations  (21.26)  were  derived, a t  t h i s  l e v e l  of g e n e r a l i t y ,  by 
Coleman & No11 [1959, 21. 
HO:l) can be measured d i r ec t ly  wi th  appa ra tus  of the type descr ibed by 
Padden & DeWitt  [1954, 11. Coleman, Markovitz, & No11 [1966, 11 desc r ibe  
various  methods  experimenters  have  employed  to  obtain T s" Os ( l ) ,  and 0 s '  (2) 
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It follows from the l as t  sentence of Sec t ion  20 t h a t  
A(-K) = -A(K), 7[ X(+) = 2 - X(K). (21.28) 
I 
1 Thus,  the  transformation K + -K changes  the  sign of t he   b i r e f r ingence  and 
r e s u l t s  i n  a  change i n  t h e  p o s i t i o n  of an i s o c l i n i c  l i n e  from 5 t o  i n  
Figure 21.1. When X(K) = n / 4  ( i . e .  if O ( ' ) ( K ) / T ~ ( K )  = O)', the   cross   of  
isocl ine remains invariant  under  such a t ransformation.  
N 
# X ( K )  does equal f l /4 i n  t he  "limit of slow flow" mentioned in Section 2b. 
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